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Abstract. Using an analogue of Makanin-Razborov diagrams, we give an effective description of the 
solution set of systems of equations over a partially commutative group (right-angled Artin group) G. 
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1. Introduction 

Equations are one of the most natural algebraic objects; they have been studied at all times and 
in all branches of mathematics and lie at its core. Though the first equations to be considered were 
equations over integers, now equations are considered over a multitude of other algebraic structures: 
rational numbers, complex numbers, fields, rings, etc. Since equations have always been an extremely 
important tool for a majority of branches of mathematics, their study developed into a separate, now 
classical, domain - algebraic geometry. 

The algebraic structures we work with in this paper are groups. We would like to mention some 
important results in the area that established the necessary basics and techniques and that motivate 
the questions addressed in this paper. Though this historical introduction is several pages long, it is by 
no means complete and does not give a detailed account of the subject. We refer the reader to [LS77| 
and to |Lyn80| and references there for an extensive survey of the early history of equations in groups. 

It is hard to date the beginning of the theory of equations over groups, since even the classical 
word and conjugacy problems formulated by Max Dehn in 1911 can be interpreted as the compatibility 
problem for very simple equations. Although the study of equations over groups now goes back almost a 
century, the foundations of a general theory of algebraic geometry over groups, analogous to the classical 
theory over commutative rings, were only set down relatively recently by G. Baumslag, A. Miasnikov 
and V. Remeslennikov, |BMR99j . 

Given a system of equations, the two main questions one can ask are whether the system is compatible 
and whether one can describe its set of solutions. It is these two questions that we now address. 

Nilpotent and solvable groups. The solution of these problems is well-known for finitely generated 
abelian groups. V. Roman'kov showed that the compatibility problem is undecidable for nilpotent 
groups, see |Rom77) . Furthermore, in [Rep83| N. Repin refined the result of Roman'kov and showed 
that there exists a finitely presented nilpotent group for which the problem of recognising whether 
equations in one variable have solutions is undecidable. Later, in |Rep84| , the author showed that for 
every non-abelian free nilpotent group of sufficiently large nilpotency class the compatibility problem for 
one- variable equations in undecidable. The compatibility problem is also undecidable for free metabelian 
groups, see |Rom79bj . 
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Equations from the viewpoint of first-order logic are simply atomic formulas. Therefore, recognising 
if a system of equations and inequations over a group has a solution is equivalent to the decidability 
of the universal theory (or, which is equivalent, the existential theory) of this group. This is one of 
the reasons why often these two problems are intimately related. In general, both the compatibility 
problem and the problem of decidability of the universal theory are very deep. For instance, in |Rom79a] 
Roman'kov showed that the decidability of the universal theory of a free nilpotent group of class 2 is 
equivalent to the decidability of the universal theory of the field of rational numbers - a long-standing 
problem which, in turn, is equivalent to the Diophantine problem over rational numbers. For solvable 
groups, O. Chapuis in [Ch98] shows that if the universal theory of a free solvable group of class greater 
than or equal to 3 is decidable then so is the Diophantine problem over rational numbers. 

Free groups and generalisations. In the case of free groups, both the compatibility problem and the 
problem of describing the solution set were long-standing problems. In this direction, works of R. Lyndon 
and A. Malcev, which are precursors to the solution of these problems, are of special relevance. 

One-variable equations. One of the first types of equations to be considered was one- variable equations. 
In |Lyn60| R. Lyndon solved the compatibility problem and gave a description of the set of all solutions 
of a single equation in one variable (over a free group). Lyndon proved that the set of solutions of a 
single equation can be defined by a finite system of "parametric words" . These parametric words were 
complicated and the number of parameters on which they depended was restricted only by the type 
of each equation considered. Further results were obtained by K. Appel |Ap68| and A.Lorents |Lor63| . 
[Lor68j ■ who gave the exact form of the parametric words, and Lorents extended the results to systems 
of equations with one variable. Unfortunately Appel's published proof has a gap, see p. 87 of |B74| . 
and Lorents announced his results without proof. In the year 2000, I. Chiswell and V. Remeslennikov 
gave a complete argument, see |CROO| . Instead of giving a description in terms of parametric words, 
they described the structure of coordinate groups of irreducible algebraic sets (in terms of their JSJ- 
decompositions) and, thereby, using the basic theory of algebraic geometry over free groups, they 
obtained a description of the solution set (viewed as the set of homomorphisms from the coordinate group 
to a free group). Recently, D. Bormotov, R. Oilman and A. Miasnikov in their paper ^BOM0 6]. gave a 
polynomial time algorithm that produces a description of the solution set of one- variable equations. 

The parametric description of solutions of one-variable equations gave rise to a conjecture that the 
solution set of any system of equations could be described by a finite system of parametric words. In 
1968, |Ap68| , Appel showed that there are equations in three and more variables that can not be defined 
by a finite set of parametric words. Therefore, the method of describing the solution set in terms of 
parametric words was shown to be limited. 

Two-variable equations. In an attempt to generalise the results obtained for one-variable equations, 
a more general approach, involving parametric functions, was suggested by Yu. Hmelevskii. In his 
papers |Hm71| . [IIm72j . he gave a description of the solution set and proved the decidability of the 
compatibility problem of some systems of equations in two variables over a free group. This approach 
was later developed by Yu. Ozhigov in |Oj83| , who gave a description of the solution set and proved 
the decidability of the compatibility problem for arbitrary equations in two variables. 

However, it turned out that this method was not general either. In [Raz84j . A. Razborov showed 
that there are equations whose set of solutions cannot be represented by a superposition of a finite 
number of parametric functions. 

Recently, in [T08] . N. Touikan, using the approach developed by Ohiswell and Remeslennikov for 
one-variable equations, gave a description (in terms of the JSJ-decomposition) of coordinate groups of 
irreducible algebraic sets defined by a system of equations in two variables. 
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Quadratic equations. Because of their connections to surfaces and automorphisms thereof, quadratic 
equations have been studied since the beginning of the theory of equations over groups. 

The first quadratic equation to be studied was the commutator equation [x,y] = [a, 6], see |Niel] . A 
description of the solution set of this equation was given in .Mal62j by A. Malcev in terms of parametric 
words in automorphisms and minimal solutions (with respect to these automorphisms). 

Malcev's powerful idea was later developed by L. Commerford and C. Edmunds, see [ComEd89] . 
and by R. Grigorchuk and P. Kurchanov, see |GK89j . into a general method of describing the set of 
solutions of all quadratic equations over a free group. A more geometric approach to this problem was 
given by M. Culler, see [CulSlj and A. Olshanskii fOl89) . 

Quadratic equations and Malcev's idea to use automorphisms and minimal solutions play a key role 
in the modern approach to describing the solution set of arbitrary systems of equations over free groups. 

Because of their importance, quadratic equations were considered over other groups. The decidability 
of compatibility problem for quadratic equations over one relator free product of groups was proved by 
A. Duncan in |Dun07| and over certain small cancellation groups by Commerford in |Com81| . In |Lys88| , 
I. Lysenok reduces the description of solutions of quadratic equations over certain small cancellation 
groups to the description of solutions of quadratic equations in free groups. Later, Grigorchuk and 
Lysenok gave a description of the solution set of quadratic equations over hyperbolic groups, see [GrL92j . 

Arbitrary systems of equations. A major breakthrough in the area was made by G. Makanin in his 
papers |Mak77j and |Mak82| . In his work, Makanin devised a process for deciding whether or not an 
arbitrary system of equations S over a free monoid (over a free group) is compatible. Later, using 
similar techniques, Makanin proved that the universal theory of a free group is decidable, see [Mak84] . 
Makanin's result on decidability of the universal theory of a free group together with an important 
result of Yu. Merzlyakov |Mer66j on quantifier elimination for positive formulae over free groups proves 
that the positive theory of a free group is decidable. 

Makanin's ideas were developed in many directions. Remarkable progress was made by A. Razborov. 
In his work [Raz85| . [Raz87j . Razborov refined Makanin's process and used automorphisms and minimal 
solutions to give a complete description of the set of solutions of an arbitrary system of equations over 
a free group in terms of, what is now called, Makanin- Razborov diagrams (or Hom-diagrams). In 
their work [KhM98b] . O. Kharlampovich and A. Miasnikov gave an important insight into Razborov's 
process and provided algebraic semantics for it. Using the process and having understanding of radicals 
of quadratic equations, the authors showed that the solution set of a system of equations can be 
canonically represented by the union of solution sets of a finite family of NTQ systems and gave an 
effective embedding of finitely generated fully residually free groups into coordinate groups of NTQ 
systems (w-residually free towers), thereby giving a characterisation of such groups. Then, using Bass- 
Serre theory, they proved that finitely generated fully residually free groups are finitely presented and 
that one can effectively find a cyclic splitting of such groups. Analogous results were proved by Z. Sela 
using geometric techniques, see jSela01| . Later, Kharlampovich and Myasnikov in |KhM05a] and Sela 
in [SelaOlj , developed Makanin-Razborov diagrams for systems of equations with parameters over a free 
group. These Makanin-Razborov diagrams encode the Makanin-Razborov diagrams of the systems of 
equations associated with each specialisation of the parameters. This construction plays a key role in 
a generalisation of Merzlyakov's theorem, in other words, in the proof of existence of Skolem functions 
for certain types of formulae (for NTQ systems of equations), see |KhM05a] . |Sela03| . 

These results are an important piece of the solution of two well-known conjectures formulated by 
A. Tarski around 1945: the first of them states that the elementary theories of non-abelian free groups 
of different ranks coincide; and the second one states that the elementary theory of a free group is 
decidable. These problems were recently solved by O. Kharlampovich and A. Miasnikov in [KhM06| 
and the first one was independently solved by Z. Sela in |Sela06| . 
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In another direction, Makanin's result (on decidability of equations over a free monoid) was devel- 
oped by K.Schulz, see [Sch90j . who proved that the compatibility problem of equations with regular 
constraints over a free monoid is decidable. Later V. Diekert, C. Gutierrez and C. Hagenah, see [DGHOlj . 
reduced the compatibility problem of systems of equations over a free group with rational constraints 
to compatibility problem of equations with regular constraints over a free monoid. 

Since then, one of the most successful methods of proving the decidability of the compatibility 
problem for groups (monoids) has been to reduce it to the compatibility problem over a free group 
(monoid) with constraints. The reduction of compatibility problem for torsion- free hyperbolic groups 
to free groups was made by E. Rips and Z. Sela in [RS95 ; for relatively hyperbolic groups with vir- 
tually abelian parabolic subgroups by F. Dahmani in Dahm0 5] ; for partially commutative monoids 
by Yu. Matiasevich in |Mat97| (see also |DMM99] ) : for partially commutative groups by V. Diekert 
and A. MuschoU in |DM06j : for graph products of groups by V. Diekert and M. Lohrey in [DL04| : 
and for HNN-extensions with finite associated subgroups and for amalgamated products with finite 
amalgamated subgroups by M. Lohrey and G. Senizergues in |LS08| . 

The complexity of Makanin's algorithm has received a lot of attention. The best result about arbitrary 
systems of equations over monoids is due to W. Plandowski. In a series of two papers IP 19 9 a. P199b] 
he gave a new approach to the compatibility problem of systems of equations over a free monoid and 
showed that this problem is in PSPACE. This approach was further extended by Diekert, Gutierrez 
and Hagenah, see jDGHOl] to systems of equations over free groups. Recently, O. Kharlampovich, 
I. Lysenok, A. Myasnikov and N. Touikan have shown that solving quadratic equations over free groups 
is NP-complete, |KhLMT08j . 

Another important development of the ideas of Makanin is due to E. Rips and is now known as 
the Rips' machine. In his work. Rips interprets Makanin's algorithm in terms of partial isometrics of 
real intervals, which leads him to a classification theorem of finitely generated groups that act freely 
on M-trees. A complete proof of Rips' theorem was given by D. Gaboriau, G. Levitt, and F. Paulin, 
see |GLP94) . and, independently, by M. Bestvina and M. Feighn, see |BF95) . who also generalised 
Rips' result to give a classification theorem of groups that have a stable action on R-trees. Recently, 
F. Dahmani and V. Guirardel announced the decidability of the compatibility problem for virtually free 
groups generalising Rips' machine. 

The existence of analogues of Makanin- Razborov diagrams has been proven for different groups. In 
|Sela02| . for tor sion-free hyperbolic groups by Z. Sela; in [Gr05 , for torsion-free relatively hyperbolic 
groups relative to free abelian subgroups by D. Groves; for fully residually free (or limit) groups in 
[KhMOSb] . by O. Kharlampovich and A. Miasnikov and in [A107j . by E. Alibegovic. 

Other results. Other well-known problems and results were studied in relation to equations in groups. 
In analogy to Galois theory, the problem of adjoining roots of equations was considered in the first 
half of the twentieth century leading to the classical construction of an HNN-extension of a group G 
introduced by B. Higman, B. Neumann and H. Neumann in [HNN49| as a construction of an extension 
of a group G in which the "conjugacy" equation x^^gx — g' is compatible. Another example is the 
characterisation of the structure of elements g for which an equation of the form w = g is compatible, 
also known as the endomorphism problem. A well known result in this direction is the solution of the 
endomorphism problem for the commutator equation [x, y] ~ g in a free group obtained in |Wic62| 
by M. Wicks in terms of, what now are called. Wicks forms. Wicks forms were generalised to free 
products of groups and to higher genus by A. Vdovina in [Vd97j . to hyperbolic groups by S. Fulthorp in 
|Ful04j and to partially commutative groups by S. Shestakov, see |Sh05| . The endomorphism problem 
for many other types of equations over free groups was studied by P. Schupp, see [Sch69| . C. Edmunds, 
see |Edm75| . |Edm77| and was generalised to free products of groups by L. Comerford and C. Edmunds, 
see |GomEd81] . 
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We now focus on equations over partially commutative groups. Recall that a partially commutative 
group G is a group given by a presentation of the form (ai, . . . , Or | R), where i? is a subset of the 
set {[ai,aj] \ i,j = 1, . . . , r, z 7^ j}- This means that the only relations imposed on the generators are 
commutation of some of the generators. In particular, both free abelian groups and free groups are 
partially commutative groups. 

As we have mentioned above, given a system of equations, the two main questions one can ask are 
whether the system is compatible and whether one can describe its set of solutions. It is known that 
the compatibility problem for systems of equations over partially commutative groups is decidable, see 
|DM06| . Moreover, the universal (existential) and positive theories of partially commutative groups 
are also decidable, see |DL04| and [CK07| . But, on the other hand, until now there were not even any 
partial results known about the description of the solution sets of systems of equations over partially 
commutative groups. 

Nevertheless, in the case of partially commutative groups, other problems, involving particular equa- 
tions, have been studied. We would like to mention two papers by S. Shestakov, see [Sh05j and |Sh06| . 
where the author solves the endomorphism problem for the equations [x,y] = g and x^y^ = g cor- 
respondingly, and a result of J. Crisp and B. Wiest from CW04 stating that partially commutative 
groups satisfy Vaught's conjecture, i.e. that if a tuple {X, Y, Z) of elements from G is a solution of the 
equation x^y^z^ = 1, then X, Y and Z pairwise commute. 

In this paper, we effectively construct an analogue of Makanin-Razborov diagrams and use it to give 
a description of the solution set of systems of equations over partially commutative groups. It seems to 
the authors that the importance of the work presented in this paper lies not only in the construction 
itself but in the fact that it enables consideration of analogues of the (numerous) consequences of the 
classical Makanin-Razborov process in more general circumstances. 

The classes of groups for which Makanin-Razborov diagrams have been constructed so far are gener- 
alisations of free groups with a common feature: all of them are CSA-groups (see Lemma 2.5 in [Gr08] ). 
Recall that a group is called CSA if every maximal abelian subgroup is malnormal, see |MR96j . or, 
equivalently, a group is CSA if every non-trivial abelian subgroup is contained in a unique maximal 
abelian subgroup. In Proposition 9 in [MR96], it is proved that if a group is CSA, then it is commutative 
transitive (the commutativity relation is transitive) and thus the centralisers of its (non-trivial) elements 
are abelian, it is directly indecomposable, has no non-abelian normal subgroups, has trivial centre, has 
no non-abelian solvable subgroups and has no non-abelian Baumslag-Solitar subgroups. This shows 
that the CSA property imposes strong restrictions on the structure of the group and, especially, on the 
structure of the centralisers of its elements. Therefore, numerous classes of groups, even geometric, are 
not CSA. 

The CSA property is important in the constructions of analogues of Makanin-Razborov diagrams 
constructed before. The fact that partially commutative groups are not CSA, conceptually, shows that 
this property is not essential for constructing Makanin-Razborov diagrams and that the approach devel- 
oped in this paper opens the possibility for other groups to be taken in consideration: graph products of 
groups, particular types of HNN-extensions (amalgamated products), partially commutative-by-finite, 
fully residually partially commutative groups, particular types of small cancellation groups, torsion-free 
relatively hyperbolic groups, some torsion-free CAT(O) groups and more. 

On the other hand, as mentioned above, Schulz proved that Makanin's process to decide the com- 
patibility problem of equations carries over to systems of equations over a free monoid with regular 
constraints. In our construction, we show that Razborov's results can be generalised to systems of 
equations (over a free monoid) with constraints characterised by certain axioms. Therefore, two natural 
problems arise: to understand for which classes of groups the description of solutions of systems of 
equations reduces to this setting, and to understand which other constraints can be considered in the 
construction of Makanin-Razborov diagrams. 
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In another direction, the Makanin-Razborov process is one of the main ingredients in the effective 
construction of the JSJ-decomposition for fuUy residually free groups and in the characterisation of 
finitely generated fuUy residuaUy free groups as given by Kharlampovich and Myasnikov in [KhMOSb] 
and (KhM98bj . correspondingly. Therefore, the process we construct in this paper may be one of the 
techniques one can use to understand the structure of finitely generated fully residually partially commu- 
tative groups, or, which in this case is equivalent, of finitely generated residually partially commutative 
groups, and thus, in particular, the structure of all finitely generated residually free groups. 

In the case of free groups, Rips' machine leads to a classification theorem of finitely generated groups 
that have a stable action on R-trees. Therefore, our process may be useful for understanding finitely 
generated groups that act in a certain way (that can be axiomatised) on an M-tree. A more distant 
hope is that the process may lead to a classification of finitely generated groups that act freely on a 
(nice) CAT(O) space. 

The structure of subgroups of partially commutative groups is very complex, see |HW08] , and some 
of the subgroups exhibit odd finiteness properties, see |BB97| . Nevertheless, recent results on partially 
commutative groups suggest that the attempts to generalise some of the well-known results for free 
groups have been, at least to some extent, successful. We would like to mention here the recent progress 
of R. Charney and K. Vogtmann on the outer space of partially commutative groups, of M. Day on the 
generalisation of peak-reduction algorithm (Whitehead's theorem) for partially commutative groups, 
and of a number of authors on the structure of automorphism groups of partially commutative groups, 
see |Day08a| , |Day08b| , [CCV07| . |GPR07j . |DKR08j . This and the current paper makes us optimistic 
about the future of this emerging area. 

To get a global vision of the long process we describe in this paper, we would like to begin by a brief 
comparison of the method of solving equations over a free monoid (as the reader will see the setting we 
reduce the study of systems of equations over partially commutative groups is rather similar to it) to 
Gaussian elimination in linear algebra. Though, technically very different, we want to point out that 
the general guidelines of both methods have a number of common features. Given a system of m linear 
equations in k variables over a field K, the algorithm in linear algebra firstly encodes this system as 
an m X (fc + 1) matrix with entries in K. Then it uses elementary Gauss transformations of matrices 
(row permutation, multiplication of a row by a scalar, etc) in a particular order to take the matrix to a 
row-echelon form, and then it produces a description of the solution set of the system of linear equations 
with the associated matrix in row-echelon form. Furthermore, the algorithm has the following property: 
every solution of the (system of equations corresponding to the) matrix in row-echelon form gives rise 
to a solution of the original system and, conversely, every solution of the original system is induced by a 
solution of the (system of equations corresponding to the) matrix in row-echelon form. Let us compare 
this algorithm with its group-theoretic counterpart, a variation of which we present in this paper. 

Given a system of equations over a free monoid, we introduce a combinatorial object - a generalised 
equation, and establish a correspondence between systems of equations over a free monoid and gener- 
alised equations (for the purposes of this introduction, the reader may think of generalised equations 
as just systems of equations over a monoid). Graphic representations of generalised equations will play 
the role of matrices in linear algebra. 

We then define certain transformations of generalised equations, see Sections 14.21 and 14.31 One 
of the differences is that in the case of systems of linear equations, applying an elementary Gauss 
transformation to a matrix one obtains a single matrix. In our case, applying some of the (elementary 
and derived) transformations to a generalised equation one gets a finite family of generalised equations. 
Therefore, the method we describe here, results in an oriented rooted tree of generalised equations 
instead of a sequence of matrices. 

A case-based algorithm, described in Section 14.41 applies transformations in a specific order to gen- 
eralised equations. The branch of the algorithm terminates, when the generalised equation obtained is 
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"simple" (there is a formal definition of being "simple" ) . The algorithm then produces a description of 
the set of solutions of "simple" generalised equations. 

One of the main differences is that a branch of the procedure described may be infinite. Using 
particular automorphisms of coordinate groups of generalised equations as parameters, one can prove 
that a finite tree is sufficient to give a description of the solution set. Thus, the parametrisation of 
the solutions set will be given using a finite tree, recursive groups of automorphisms of finitely many 
coordinate groups of generalised equations and solutions of "simple" generalised equations. 

We now briefly describe the content of each of the sections of the paper. 

In Section [5] we establish the basics we will need throughout the paper. 

The goal of Section [3] is to present the set of solutions of a system of equations over a partially 
commutative group as a union of sets of solutions of finitely many constrained generalised equations 
over a free monoid. The family of solutions of the collection constructed of generalised equations 
describes all solutions of the initial system over a partially commutative group. The term "constrained 
generalised equation over a free monoid (partially commutative monoid)" can be misleading, since their 
solutions are not tuples of elements from a free monoid (partially commutative monoid), but tuples 
of reduced elements of the partially commutative group, that satisfy the equalities in a free monoid 
(partially commutative monoid). 

This reduction is performed in two steps. Firstly, we use an analogue of the notion of a cancellation 
tree for free groups to reduce the study of systems of equations over a partially commutative group to 
the study of constrained generalised equations over a partially commutative monoid. We show that van 
Kampen diagrams over partially commutative groups can be taken to a "standard form" and therefore 
the set of solutions of a given system of equations over a partially commutative group defines only 
finitely many types of van Kampen diagram in standard form, i.e. finitely many different cancellation 
schemes. For each of these cancellation schemes, we then construct a constrained generalised equation 
over a partially commutative monoid. 

We further show that to a given generalised equation over a partially commutative monoid one can 
associate a finite collection of (constrained) generalised equations over a free monoid. The family of 
solutions of the generalised equations from this collection describes all solutions of the initial generalised 
equation over a partially commutative monoid. This reduction relies on the ideas of Yu. Matiyasevich, 
see |Mat97) , V. Diekert and A. MuschoU, see |DM06| . that state that there are only finitely many ways 
to take a product of words in the trace monoid (written in normal form) into normal form. We apply 
these results to reduce the study of solutions of generalised equations over a partially commutative 
monoid to the study of solutions of constrained generalised equations over a free monoid. 

In Section [4] in order to describe the solution set of a constrained generalised equation over a free 
monoid we describe a branching rewriting process for constrained generalised equations. For a given 
generalised equation, this branching process results in a locally finite, possibly infinite, oriented rooted 
tree. The vertices of this tree are labelled by (constrained) generalised equations over a free monoid. 
Its edges are labelled by epimorphisms of the corresponding coordinate groups. Moreover, for every 
solution H of the original generalised equation, there exists a path in the tree from the root vertex 
to another vertex v and a solution of the generalised equation corresponding to v such that the 
solution 77 is a composition of the epimorphisms corresponding to the edges in the tree and the solution 
H^'"\ Conversely, to any path from the root to a vertex v in the tree, and any solution i/^^-' of the 
generalised equation labelling v, there corresponds a solution of the original generalised equation. 

The tree described is, in general, infinite. In Lemma [4. 191 we give a characterisation of the three types 
of infinite branches that it may contain: namely linear, quadratic and general. The aim of the remainder 
of the paper is, basically, to define the automorphism groups of coordinate groups that are used in the 
parametrisation of the solution sets and to prove that, using these automorphisms all solutions can be 
described by a finite tree. 
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Sections [5] and [6] contain technical results used in Section [7l 

In Section [5] we use automorphisms to introduce a reflexive, transitive relation on the set of solutions 
of a generalised equation. We use this relation to introduce the notion of a minimal solution and describe 
the behaviour of minimal solutions with respect to transformations of generalised equations. 

In Section[6]we introduce the notion of periodic structure. Informally, a periodic structure is an object 
one associates to a generalised equation that has a solution that contains subwords of the form P*"' for 
arbitrary large k. The aim of this section is two-fold. On one hand, to understand the structure of the 
coordinate group of such a generalised equation and to define a certain finitely generated subgroup of its 
automorphism group. On the other hand, to prove that, using automorphisms from the automorphism 
group described, either one can bound the exponent of periodicity k or one can obtain a solution of a 
proper generalised equation. 

Section [7] contains the core of the proof of the main results. In this section we deal with the three 
types of infinite branches and construct a finite oriented rooted subtree Tq of the infinite tree described 
above. This tree has the property that for every leaf either one can trivially describe the solution set 
of the generalised equation assigned to it, or from every solution of the generalised equation associated 
to it, one gets a solution of a proper generalised equation using automorphisms defined in Section [6l 

The strategy for the linear and quadratic branches is common: firstly, using a combinatorial ar- 
gument, we prove that in such infinite branches a generalised equation repeats thereby giving rise to 
an automorphism of the coordinate group. Then, we show that such automorphisms are contained 
in a recursive group of automorphisms. Finally, we prove that minimal solutions with respect to this 
recursive group of automorphisms factor through sub-branches of bounded height. 

The treatment for the general branch is more complex. We show that using automorphisms defined 
for quadratic branches and automorphisms defined in Section [6l one can take any solution to a solution 
of a proper generalised equation or to a solution of bounded length. 

In Section [8. II we prove that the number of proper generalised equations through which the solutions 
of the leaves of the finite tree Tq factor is finite and this allows us to extend Tq and obtain a tree Tdoc 
with the property that for every leaf either one can trivially describe the solution set of the generalised 
equation assigned to it, or the edge with an end in the leaf is labelled by a proper epimorphism. Since 
partially commutative groups are equationally Noetherian and thus any sequence of proper epimor- 
phisms of coordinate groups is finite, an inductive argument, given in Section 18.31 shows that we can 
construct a tree Text with the property that for every leaf one can trivially describe the solution set of 
the generalised equation assigned to it. 

In the last section we construct a tree Tgoi as an extension of the tree Text with the property that 
for every leaf the coordinate group of the generalised equation associated to it is a fully residually G 
partially commutative group and one can trivially describe its solution set. 

The following theorem summarises one of the main results of the paper. 

Theorem. Let G be the free partially commutative group with the underlying commutation graph 
Q and let G he a finitely generated {<G-)group. Then the set of all (G-)homomorphisms Hom(G', G) 
(HomG(G, G), correspondingly) from G to G can be effectively described by a finite rooted tree. This 
tree is oriented from the root, all its vertices except for the root and the leaves are labelled by coordinate 
groups of generalised equations. The leaves of the tree are labelled by G-fully residually G partially 
commutative groups {described in Section^. 

Edges from the root vertex correspond to a finite number of (G-)homomorphisms from G into co- 
ordinate groups of generalised equations. To each vertex group we assign a group of automorphisms. 
Each edge {except for the edges from the root and the edges to the final leaves) in this tree is labelled 
by an epimorphism, and all the epimorphisms are proper. Every {G-)homomorphism from G to G can 
be written as a composition of the {G-)homomorphisms corresponding to the edges, automorphisms of 
the groups assigned to the vertices, and a {G-)homomorphism ip = {'4'j)j^J! \J\ ^ 2"^ into G, where 
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ipj : Hj \V] M.j and M.j is the free partially commutative subgroup of G defined by some full subgraph 
ofQ. 

A posteriori remark. In his work on systems of equations over a free group |Raz85| . |Raz87| . 

A. Razborov uses a result of J. McCool on automorphism group of a free group {that the stabiliser 
of a finite set of words is finitely presented) , see |McC75j . to prove that the automorphism groups of 
the coordinate groups associated to the vertices of the tree Tgoi are finitely generated. When this paper 
was already written M. Day published two preprints, |Day08a| and |Day08b1 on automorphism groups 
of partially commutative groups. The authors believe that using the results of this paper and techniques 
developed by M. Day, one can prove that the automorphism groups used in this paper are also finitely 
generated. 

2. Preliminaries 

2.1. Graphs and relations. In this section we introduce notation for graphs that we use in this paper. 
Let r = {V{T), E{r)) be an oriented graph, where V^(r) is the set of vertices of F and £'(r) is the set 
of edges of F. If an edge e : v v' has origin v and terminus v' , we sometimes write e — v v' . We 
always denote the paths in a graph by letters p and s, and cycles by the letter c. To indicate that a path 
p begins at a vertex v and ends at a vertex v' we write p{v, v'). If not stated otherwise, we assume that 
all paths we consider are simple. For a path p{v, v') = ei . . . e/ by {p{v, v')) ^ we denote the reverse (if 
it exists) of the path p{v, v'), that is a path p' from v' to v, p' — e^^ . ■ . e^^, where e^^ is the inverse of 
the edge Ci, i — 1, . . .1. 

Usually, the edges of the graph are labelled by certain words or letters. The label of a path p = ei . . . e; 
is the concatenation of labels of the edges ei . . . e; . 

Let F be an oriented rooted tree, with the root at a vertex vq and such that for any vertex v S ^(F) 
there exists a unique path p(wo, v) from vq to v. The length of this path from vq to v is called the height 

of the vertex v. The number max {height of v} is called the height of the tree F. We say that a vertex 

vev{r) 

v of height I is above a vertex v' of height I' if and only ii I > I' and there exists a path of length / — I' 
from v' to V. 

Let S be an arbitrary finite set. Let 5R be a symmetric binary relation on S, i.e. C S x S" and if 
(si, S2) G 5ft then {s2, si) E 5ft. Let s G S, then by 5ft(s) we denote the following set: 

5ft(s) ^ {.si e S I 5ft(s,si)}. 

2.2. Elements of algebraic geometry over groups. In [BMR99| G. Baumslag, A. Miasnikov and 
V. Remeslennikov lay down the foundations of algebraic geometry over groups and introduce group- 
theoretic counterparts of basic notions from algebraic geometry over fields. We now recall some of the 
basics of algebraic geometry over groups. We refer to |BMR99j for details. 

Algebraic geometry over groups centers around the notion of a G-group, where G is a fixed group 
generated by a set A. These G-groups can be likened to algebras over a unitary commutative ring, 
more specially a field, with G playing the role of the coefficient ring. We therefore, shall consider the 
category of G-groups, i.e. groups which contain a designated subgroup isomorphic to the group G. If 
H and K are G-groups then a homomorphism : H K is a G-homomorphism if <p(<7) = 9 for every 
g Cz G. In the category of G-groups morphisms are G-homomorphisms; subgroups are G-subgroups, etc. 
By HomciH, K) we denote the set of all G-homomorphisms from H into K . A G-group H is termed 
finitely generated G-group if there exists a finite subset C C H such that the set G U G generates H. It 
is not hard to see that the free product G * F{X) is a free object in the category of G-groups, where 
F{X) is the free group with basis X — {xi,X2, ■ . . ,Xn}. This group is called the free G-group with 
basis X, and we denote it by G[X]. 
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For any element s G G[X] the formal equality s = 1 can be treated, in an obvious way, as an equation 
over G. In general, for a subset S C G[X] the formal equality S* = 1 can be treated as a system of 
equations over G with coefficients in A. In other words, every equation is a word in (XUA)^^. Elements 
from X are called variables, and elements from A^^ are called coefficients or constants. To emphasize 
this we sometimes write S{X,A) = 1. 

A solution U of the system S{X) — I over a group G is a tuple of elements gi, . . . , gn G G such that 
every equation from S vanishes at (gi, . . . , gn), i.e. Si{gi, . . . , gn) = 1 in G, for all Si € S. Equivalently, 
a solution U of the system S = 1 over G is a G-homomorphism ttjj : G[X] — > G induced by the map 
TTu : Xi t—^ gi such that S C ker(7r[/). When no confusion arises, we abuse the notation and write U{w), 
where w G G[X], instead of ■ku{w). 

Denote by ncl(5) the normal closure of S in G[X]. Then every solution of S{X) = 1 in G gives rise 
to a G-homomorphism ^["'^Vncl(5)) ^ ^'^'^ vice- versa. The set of all solutions over G of the system 
5' = 1 is denoted by Vg(S) and is called the algebraic set defined by S. 

For every system of equations S we set the radical of the system S to be the following subgroup of 
G[X]: 

RiS) ^ {T{X) € G[X] I Vgi,...,Vg„(5(<7i,...,5„) = l^T(5i,...,5„) = l)}. 
It is easy to see that R{S) is a normal subgroup of G[X] that contains S. There is a one-to-one 
correspondence between algebraic sets Vq (S) and radical subgroups R{S) of G[X] . This correspondence 
is described in Lemma O below. Notice that if Vg(S') = 0, then R{S) = G[X]. 
It follows from the definition that 

R{S) = fl kerinu). 

In the lemma below we summarise the relations between radicals, systems of equations and algebraic 
sets. Note the similarity of these relations with the ones in algebraic geometry over fields, see [Eis99] . 
For a subset Y C G" define the radical of Y to be 

R{Y) = {T{X) e G[X] I r(gi, . . . ,g„) = 1 for aU (gi, . . . ,5„) e F} . 

Lemma 2.1. 

(1) The radical of a system S C G[X] contains the normal closure ncl(5) of S. 

(2) Let Yi and Y2 be subsets of G" and Si, S2 subsets ofG[X]. IfYi C Y2 then R{Yi) D R{Y2). If 
Si C S2 then R{Si) C R{S2). 

(3) For any family of sets {Yi \ i e /}, Yi C G", we have 




(4) A normal subgroup H of the group G[X] is the radical of an algebraic set over G if and only if 
R{Vg{H))^H. 

(5) A set Y C G" is algebraic over G if and only if Vg{R{Y)) — Y . 

(6) Let Yi,Y2 C G" be two algebraic sets, then 

Yi = Y2 if and only if R{Yi) = R{Y2). 
Therefore the radical of an algebraic set describes it uniquely. 
The quotient group 

Gn.(s) - ^[^Vi?(5) 

is called the coordinate group of the algebraic set Vg{S) (or of the system S). There exists a one-to-one 
correspondence between the algebraic sets and coordinate groups Gjj( s) ■ More formally, the categories 
of algebraic sets and coordinate groups are equivalent, see Theorem 4, |BMR99j . 
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A G-group H is called G-equationally Noetherian if every system S(X) = 1 with coefBcients from G 
is equivalent over G to a finite subsystem 5*0 = 1, where So C S, i.e. the system S and its subsystem 
So define the same algebraic set. If G is G-equationally Noetherian, then we say that G is equationally 
Noetherian. If G is equationally Noetherian then the Zariski topology over G" is Noetherian for every 
n, i.e., every proper descending chain of closed sets in G" is finite. This implies that every algebraic 
set V in G" is a finite union of irreducible subsets, called irreducible components of V, and such a 
decomposition of V is unique. Recall that a closed subset V is irreducible if it is not a union of two 
proper closed (in the induced topology) subsets. 

If Vg{S) C G" and Vg{S') C G™ are algebraic sets, then a map (j) '■ Vg{S) — > Vg(S") is a morphism 
of algebraic sets if there exist /i, . . . , g G[xi, . . . , a:„] such that, for any (gi, . . . , g„) G Vg(S'), 

• ■ ■ ,5") = (/i(5i, • • ■ ,5"), • ■ ■ ,/m(gi, ■ ■ ■,gn)) e Vg(5"). 

Occasionally we refer to morphisms of algebraic sets as word mappings. 

Algebraic sets Vg{S) and Vg{S') are called isomorphic if there exist morphisms i/' : Vg{S) — > Vg{S') 
and (j) ■ Vg{S') —> Vg{S) such that 0V = idvcCS) ^^'^ '^4> — idvG(S')- 

Two systems of equations S and S' over G are called equivalent if the algebraic sets Vg{S) and 
Vg(S") are isomorphic. 

Proposition 2.2. Let G he a group and let Vg{S) and Vg{S') be two algebraic sets over G. Then the 
algebraic sets Vg{S) and Vg{S') are isomorphic if and only if the coordinate groups Gr{S) and Gf^^s') 
are G-isomorphic. 

The notions of an equation, system of equation, solution of an equation, algebraic set defined by a 
system of equations, morphism between algebraic sets and equivalent systems of equations are cate- 
gorical in nature. These notion carry over, in an obvious way, from the case of groups to the case of 
monoids. 

2.3. Formulas in the languages Ca and Cg- In this section we recall some basic notions of first-order 
logic and model theory. We refer the reader to |ChKe73| for details. 

Let G be a group generated by the set A. The standard first-order language of group theory, which 
we denote by £, consists of a symbol for multiplication •, a symbol for inversion and a symbol for 
the identity 1. To deal with G-groups, we have to enrich the language C by all the elements from G 
as constants. In fact, as G is generated by A, it suffices to enrich the language C by the constants 
that correspond to elements of A, i.e. for every element of a € A we introduce a new constant Ca- We 
denote language C enriched by constants from A by Ca, and by constants from G by Cg- In this section 
we further consider only the language Ca, but everything stated below carries over to the case of the 
language Cg- 

A group word in variables X and constants A is a word W{X,A) in the alphabet {X U A)^^ . One 
may consider the word W{X, A) as a term in the language Ca- Observe that every term in the language 
Ca is equivalent modulo the axioms of group theory to a group word in variables X and constants A. 
An atomic formula in the language Ca is a formula of the type W{X, A) = 1, where W{X, A) is a group 
word in X and A. We interpret atomic formulas in Ca as equations over G, and vice versa. A Boolean 
combination of atomic formulas in the language Ca is a disjunction of conjunctions of atomic formulas 
and their negations. Thus every Boolean combination $ of atomic formulas in Ca can be written in 

m 

the form $ = V 5*^, where each has one of following form: 

1=1 



n n n ra 

/\{S,{X,A)^l), or /\{T,{X,A)^l), or /\{S,{X, A) = I) A /\{Tu(X , A) ^ I) . 
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It follows from general results on disjunctive normal forms in propositional logic that every quantifier- 
free formula in the language Ha is logically equivalent (modulo the axioms of group theory) to a Boolean 
combination of atomic ones. Moreover, every formula $ in La with /ree variables Z = {zi, . . . , z^} is 
logically equivalent to a formula of the type 



where Qi E {V, 3}, and '^'{X, Z, A) is a Boolean combination of atomic formulas in variables from XUZ. 
Introducing fictitious quantifiers, if necessary, one can always rewrite the formula $ in the form 



where A) is a Boolean combination of atomic formulas in variables from X. We sometimes refer 
to universal sentences as to universal formulas. 

A quasi identity in the language Ca is a universal formula of the form 



where ri{X,A) and S{X,A) are terms. 

2.4. First order logic and algebraic geometry. The connection between algebraic geometry over 
groups and logic has been shown to be very deep and fruitful and, in particular, led to a solution of the 
Tarski's problems on the elementary theory of free group, see |KhM06| . |Sela06j . 

In [Rem89] and [MROO] A. Myasnikov and V. Remeslennikov established relations between universal 
classes of groups, algebraic geometry and residual properties of groups, see Theorems 12.31 and l2.4l below. 
We refer the reader to [MROOJ and [KazOTj for proofs. 

In order to state these theorems, we shall make us of the following notions. Let H and K be G- 
groups. We say that a family of G-homomorphisms C HomdH, K) G-separates {G- discriminates) 
H into K if for every non-trivial element h E H (every finite set of non-trivial elements Hq C H) there 
exists (f) such that ^ 1 {h"^ ^ 1 for every h G Hq). In this case we say that H is G-separated by 
K or that H is G-residually K {G- discriminated by K or that H is G-fully residually K). In the case 
that G = 1, we simply say that H is separated (discriminated) by K . 

Theorem 2.3. Let G be an equationally Noetherian {G-)group. Then the following classes coincide: 

• the class of all coordinate groups of algebraic sets over G (defined by systems of equations with 
coefficients in G); 

• the class of all finitely generated {G-)groups that are {G-)separated by G; 

• the class of all finitely generated {G-)groups that satisfy all the quasi-identities [in the language 
Lg {or La)) that are satisfied by G; 

• the class of all finitely generated {G-)groups from the {G-)prevariety generated by G. 

Furthermore, a coordinate group of an algebraic set Vg{S) is {G-)separated by G by homomorphisms 
TTu J U e Vg{S), corresponding to solutions. 

Theorem 2.4. Let G be an equationally Noetherian {G-)group. Then the following classes coincide: 

• the class of all coordinate group of irreducible algebraic sets over G (defined by systems of 
equations with coefficients in G); 

• the class of all finitely generated (G-)groups that are G- discriminated by G; 



QiXiQ2X2...QiXi-^(X, Z, A), 



$(Z) = VxiByi . . . Vxfe3?/fe^'(a;i, yi, . . . , Xk.Vk, Z). 

A first-order formula $ is called a sentence, if does not contain free variables. 

A sentence $ is called universal if and only if <& is equivalent to a formula of the type: 

VxiVa;2-.-Vxi*(X,A), 
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• the class of all finitely generated {G-)groups that satisfy all universal sentences {in the language 
Lg {or La)) that are satisfied by G. 
Furthermore, a coordinate group of an irreducible algebraic set Vg{S) is {G-) discriminated by G by 
homomorphisms -ku , U £ Vg{S), corresponding to solutions. 

2.5. Partially commutative groups. Partially commutative groups are widely studied in different 
branches of mathematics and computer science, which explains the variety of names they were given: 
graph groups, right-angled Artin groups, semifree groups, etc. Without trying to give an account of the 
literature and results in the field we refer the reader to a recent survey |Char07j and to the introduction 
and references in |DKR07| . 

Recall that a (free) partially commutative group is defined as follows. Let Q he a finite, undirected, 
simphcial graph. Let A = V{G) = {ai, . . . ,ar} be the set of vertices of G and let F{A) be the free 
group on A. Let 

R = {[oi, aj] G F{A) \ ai, Oj €z A and there is an edge of G joining to aj}. 

The partially commutative group corresponding to the (commutation) graph G is the group G{G) with 
presentation {A \ R). This means that the only relations imposed on the generators are commutation 
of some of the generators. When the underlying graph is clear from the context we write simply G. 

From now on ^ = {oi, . . . , a^} always stands for a finite alphabet and its elements are called letters. 
We reserve the term occurrence to mean an occurrence of a letter or of its formal inverse in a word. In 
a more formal way, an occurrence is a pair (letter (or its inverse), its placeholder in the word). 

Let Gi be a full subgraph ofG and let Ai be its set of vertices. In |EKR05| it is shown that G{Gi) is the 
subgroup of the group G generated by ^i, G{Gi) = {Ai). Following [DKR07| . we call G{Gi) — G{Ai) 
a canonical parabolic subgroup of G. 

We denote the length of a word w by \w\. For a word w G G, we denote by w a geodesic of w. 
Naturally, \W\ is called the length of an element w € G. An element w € G is called cyclically reduced 
if the length of w"^ is twice the length of w or, equivalently, the length of w is minimal in the conjugacy 
class of w. 

Let u be a geodesic word in G. We say that m is a left (right) divisor of an element w, w € G if there 
exists a geodesic word w G G and a geodesic word w,w = w, such that w = uv {w = vu, respectively) 
and \w\ — \u\ + \v\. In this case, we also say that u left-divides w {right- divides w, respectively). Let 
u,v be geodesic words in G. If \Tiv\ — \u\ + \v\ we sometimes write u o v to stress that there is no 
cancellation between u and v. 

For a given word w denote by alph(ii;) the set of letters occurring in w. For a word w € G define 
A{w) to be the subgroup of G generated by all letters that do not occur in W and commute with w. The 
subgroup A{w) is well-defined (independent of the choice of a geodesic w), see |EKR05| . Let w, w G G 
be so that [v,w] = 1 and alph(w) H alph(u;) = 1, or, which is equivalent, v G A{w) and w G A(i;). In 
this case we write v ^ w. 

Let A,BCGhe arbitrary subsets of G. We denote by [A, B] the set [A, B] {[a,b] \ a <E A,b e B} 

(not to confuse with the more usual notation [A, B] for the subgroup generated by the set 

{[a,b] \ a & A,b G B}). Naturally, the notation [A,B] = 1 means that [a,b] = 1 for all [a,b] G [A, -B]- 

Analogously, given a set of words C G we denote by alph(iy) the set of letters that occur in a word 

w G W, i.e. alph(VF) = IJ alph(w), and by A{W) the intersection of the subgroups A{w) for all 

wew 

w G W, i.e. A{W) — IJ A{w). Similarly, we write A ^ B whenever alph(v4) n alph(i?) = 1 and 
[A,B] = 1. 

We say that a word w £ G is written in the lexicographical normal form if the word w is geodesic 
and minimal with respect to the lexicographical ordering induced by the ordering 

ai < 02 • • • < flt < a^^ < ■ ■ ■ < a^^ 
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of the set A^^. Note that if w is written in the lexicographical normal form, the word is not 
necessarily written in the lexicographical normal form, see Remark 32, |DM06| . 

Henceforth, by the symbol '=' we denote graphical equality of words, i.e. equality in the free monoid. 

For a partially commutative group G consider its non-commutation graph A. The vertex set V of 
A is the set of generators A of G. There is an edge connecting Ui and aj if and only if [ai,aj] 7^ 1. 
Note that the graph A is the complement graph the graph F. The graph A is a union of its connected 
components Ji, . . . , /fc. In the above notation 

(1) <G = G(/i) X • • • X (G(/fc). 

Consider w E G and the set alph(ti;). For this set, just as above, consider the graph A(alph(w)) (it 
is a full subgraph of A). This graph can be either connected or not. If it is connected we will call w a 
block. If A(alph(ti;)) is not connected, then we can split w into the product of commuting words 

(2) w = Wj, ■ Wj^ ■■■Wj/, ii, . . . , jt e J, 

where | J| is the number of connected components of A(alph(u')) and the word Wj- is a word in the 
letters from the ji-th connected component. Clearly, the words {wj-^ , . . . , Wj^ } pairwise commute. Each 
word Wj. , i e 1, . . . , i is a block and so we refer to presentation ([2]) as the block decomposition of w. 

An element w G G is called a least root (or simply, root) of w € G if there exists an integer 7^ m € Z 
such that V = and there does not exists w' £ G and 7^ m' e Z such that w — w'™ . In this case 
we write w = y/v. By a result from |DK93] . partially commutative groups have least roots, that is the 
root element of v is defined uniquely. 

The next result describes centralisers of elements in partially commutative groups. 

Theorem 2.5 (Centraliser Theorem, Theorem 3.10, |DK93| . see also |Ser89| ). Let w E G be a cyclically 
reduced word and w = vi . . .Vk be its block decomposition. Then, the centraliser of w is the following 
subgroup ofG: 

C{w) ^ X • • • X X A{w). 

Corollary 2.6. For any w E G the centraliser C{w) of w is an isolated subgroup ofG, i.e. C{w) = 

In Section [5TT] we shall need an analogue of the definition of a cancellation scheme for a free group. 
We gave a description of cancellation schemes for partially commutative groups in [CK07j . We shall 
use the following result. 

Proposition 2.7 (Lemma 3.2, |CK07j ). Let G he a partially commutative group and let wi, . ..Wk be 
geodesic words in G such that Wi ■ ■ ■ Wk = 1. Then, there exist geodesic words vol, 1 ^ J ^ ^ such that 
for any 1 < I < k there exists the following geodesic presentation for wi: 

wi = w\~^ ■ ■ ■ w]wi ■ ■ ■ 

where w\ — w\ . 

This result is illustrated in Figure[TJ In fact, Proposition l2 . 71 states that there exists a normal form for 
van Kampen diagrams over partially commutative groups and that, structurally, there are only finitely 
many possible normal forms of van Kampen diagrams for the product wi ■ ■ -Wk = 1 corresponding 
to the different decompositions of the word Wi as a product of the non-trivial words wj . We usually 
consider van Kampen diagrams in normal forms and think of them in terms of their structure. It is, 
therefore, natural to refer to van Kampen diagrams in normal forms as to cancellation schemes. We 
refer the reader to [CK07| for more details. 

Figure[l](on the right), shows a cancellation scheme for the product of words wiW2W3WiW5 = 1. All 
cancellation schemes for wiW2W3WiW5 = 1 can be constructed from the one shown on Figure [T] (on the 
right) by making some of the bands trivial. 
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Figure 1. Cancellation in a product of geodesic words wiW2'W3WiW5 — 1. 

In the last section of this paper we use Proposition 12.121 to prove that certain partially commutative 
G-groups are G-fuUy residually G. Proposition 12.121 is a generalisation of a result from [CK07] that 
states that if G is a non-abelian, directly indecomposable partially commutative group, then Gr[X] is 
G-fuUy residually G. The next two lemmas were used in the proof of this result in |CK07| and are 
necessary for our proof of Proposition l2.12l 

Lemma 2.8 (Lemma 4.11, (CK07j ). There exists an integer N = iV(G) such that the following 
statements hold. 

(1) Let b E G be a cyclically reduced block and let z E G be so that b^^ does not left-divide and 
right-divide z. Then one has b'^'^^zb^^^ = bo b^ zb^ o b. 

(2) Let b € Gr be a cyclically reduced block and let z — z^^Z2Zi, where z^ is cyclically reduced. 
Suppose that b does not left-divide z, z^^ , Z2 and , and [b,z] ^ 1. Then one has z^ ^ = 
boz^" o6-i. 

Remark 2.9. In |CK07j we prove that iV is a linear function of the centraliser dimension of the group 
G, see jPKROGj for definition. 

Lemma 2.10 (Lemma 4.17, jCK07] ). Let b E G be a cyclically reduced block element and let lui, W2 G G 
be geodesic words of the form 

wi — b^^ o gi o 6^, W2 — b*^ o g2 o b^^ ^ where e, Si, 62 — ±1. 

Then the geodesic word W1W2 has the form W1W2 ~ b^^ o o b^^ . 

Corollary 2.11. Let G be a partially commutative group and let 1 ^ w E G[x], w = x^^ gi ■ ■ ■ gi^ix^^ gi, 
where gi, G G, gi, . . . ,gi 7^ 1. Suppose that there exists a cyclically reduced block element 6 e G such 
that [b,gi] ^ 1, i = 1, ... ,^ — 1. Then there exists a positive integer N such that for all n > N the 
homomorphism ipi,,n induced by the map a; i— > 6" maps the word w to a non-trivial element of G. 

Proof. Let gi = g^lgi,2gi,i be the cyclic decomposition of gi. Taking b' to be a large enough power of 
the block element 6, we may assume that b' does not left-divide the elements gf'l, 9^2 ^ i = 1, . . . ,1. 
Note that b' satisfies the assumptions of Lemma 12.81 

Consider the homomorphism ipb,2n ■ G[x] G, defined by x t-^ b^". Then 

By Lemma l^TSl there exists N such that if n > A^, then every factor of (/3fc_2ri(w) of the form 

has the form 5>5'sn(fe.) o gi o 5sign(fe.+i)^ rpj^^ statement now follows from Lemma I^TTUl □ 
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Proposition 2.12. Let G be a partially commutative group and let M be a directly indecomposable 
canonical parabolic subgroup o/G. Then the group 

G' = (G,<|rcl(G),[i,CG(H)] = l), 

where Cg(IEII) is the centraliser o/H in G, is a G-discriminated by G partially commutative group. 

Proof. Firstly, note that by Thcorcm l2.5[ the subgroup Cg(EII) is a canonical parabolic subgroup of the 
group G. It follows that the group G' is a partially commutative group. 

Consider an element g £ G' written in the normal form induced by an ordering on A^^ U {t}^^, so 
that t^^ precedes any element a G A^^, 

g^git''' ■■■git''^gi+i, 

where [gj,t] ^ 1, j = 1, . . . ,1, gj E G. Since [gj,t] ^ 1, we get that gi ^ Cg(H). Fix a block element b 
from H, such that [b, gj] 1 for all j = 1, . . . , I. Clearly, such b exists, since H is directly indecomposable. 
If we treat the word g as an element of G[t], then by Corollary 12.111 there exists a positive integer M 
such that for all n > M , the family of homomorphisms ipb.n induced by the map i i-^- 6", maps 17 to a 
non-trivial element of G. 

Since, by the choice of 6, the element (/?b^„(t) belongs to H, it follows that the relations 
[Cg(IHI), (/5;,.„(t)] — 1 are satisfied. Therefore, the family of homomorphisms {ifiy^n} induces a G- 
approximating family {(pb.n} of homomorphisms from the group G' to G, see the diagram below. 



G[t] 




G 



Considering, instead of one element g, a finite family of elements from G' and choosing the block element 
b in an analogous way, we get that the group G' is G-discriminated by G. □ 

The property of a group to be equationally Noetherian plays an important role in algebraic geome- 
try over groups, see Theorems 12.31 and 12.41 It is known that every linear group (over a commutative, 
Noetherian, unitary ring) is equationally Noetherian (see |Guba86j . |Br77j . [BMR99j ) . Partially com- 
mutative groups are linear, see |Hum94j . hence equationally Noetherian. 

In Section [9] we shall use the notion of a graph product of groups. The idea of a graph product, 
introduced in |Gr90| , is a generalisation of the concept of a partially commutative group. Let Gi , . . . , , 
Gi = {Xi I Ri), i = 1, . . . , fc be groups. Let Q' — {V{G'), E{Q')) be a finite, undirected, siniplicial graph, 

v{g') = {vi,...,vk}. 

A graph product G = Gg' = Gr(Gi, . . . ,Gk) of the groups Gi, . . . ,Gk with respect to the graph Q' , 
is a group with a presentation of the form 

{Xi, . . . ,Xk I . . . , Rk, TVj, 

where TZ — {[Xi,Xj] \ Vi and vj are adjacent in Q'}. 
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2.6. Partially commutative monoids and DM-normal forms. The aim of this section is to de- 
scribe a normal form for elements of a partially commutative monoid. For our purposes, it is essential 
that the normal form be invariant with respect to inversion. As mentioned above, natural normal forms, 
such as the lexicographical normal form or the normal form arising from the bi-automatic structure on 
G, see |VW94] . do not have this property and hence can not be used. In [DM06j V. Diekert and 
A. MuschoU specially designed a normal form that has this property. We now define this normal form 
and refer the reader to ^DM06) for details. 

Let G be a partially commutative group given by the presentation | R). Let F = F(^*^) be the 
free monoid on the alphabet A Li and let T — T(^^^) be the partially commutative monoid with 
involution given by the presentation: 

T{A^^) = {AUA^^ I Rt), where [<,a^] G Rt if and only if [ai,aj] e R, e,5 e {-1,1}. 

The involution on T is induced by the operation of inversion in CS and does not have fixed points. We 
refer to it as to the inversion in T and denote it by 

Following |DM06j . we call the maximal subset C = C U of ^ U A~'^ such that [a, c] ^ Rf if and 
only if [6, c] ^ Rf for all a,b & C and c G A^^, a clan. A clan C is called thin if there exist a d C and 
b e A^^ \ C such that [a, b] E Rj and is called thick otherwise. It follows that there is at most one 
thick clan and that the number of thin clans never equals 1. 

It is convenient to encode an element of the partially commutative monoid as a finite labelled acyclic 
oriented graph [V,E, A], where V is the set of vertices, E is the set of edges and X : V A^^ is the 
labelling. Such a graph induces a labelled partial order [V, E*,X]. For an element w G T, w = bi ■ ■ ■ bn, 
bi e A^^, we introduce the graph [F, i?. A] as follows. The set of vertices of [y, i?. A] is in one-to-one 
correspondence with the letters of w, y = {1, . . . , n}. For the vertex j we set A(j) = bj. We define an 
edge from hi to bj if and only if both i < j and \bi,hj\ ^ Rj. The graph [F, £', A] thereby obtained is 
called the dependence graph of w. Up to isomorphism, the dependence graph of w is unique, and so is 
its induced labelled partial order, which we further denote by [F, <, A]. 

Let ci < • • • < Cq be the linearly ordered subset of [V, < , A] containing all vertices with label in the 
clan C . For the vertex ?; S 1^, we define the source point s{v) and and the target point t{v) as follows: 

s{v) = sup{i I Ci < v}, t{v) = mi{i \ v < Ci}. 

By convention sup0 = and inf (d — q + 1. Thus, < s{v) < q, 1 < t{v) < g + 1 and s{v) < t{v) for all 
V E V. Note that we have s{v) = t{v) if and only if the label of v belongs to C. 

For 0<s<t<q+l, we define the median position m{s, t). For s — t let m(s, t) = s. For s < t, 
by Lemma 1 in |DM06| . there exist unique / and k such that s < I < t, k >0 and 

cs+i ...ciE ci+i . . . ct-i e 

Then we define m{s,t) = I + ^ and we call m{s,t) the median position. Define the global position of 
w G F to be g{v) = m{s{v),t{v)). 

We define the normal form nf (w) of an element it; G T by introducing new edges into the dependence 
graph [V, E, A] of w. Let u,v E V he such that A(u) G C and [A(u), A(w)] G Rj. We define a new edge 
from w to w if g(u) < g(v), otherwise we define a new edge from v to u. The new dependence graph 
[V, E, A] defines a unique element of the trace monoid TT, where TT is obtained from T by omitting the 
commutativity relations of the form [c, a] for any c G C and any a G A^'^. Note that the number of 
thin clans of T is strictly less than the number of thin clans of T. We proceed by designating a thin 
clan in T and introducing new edges in the dependence graph [V, E,X\. 

It is proved in Lemma 4, [DM06| . that the normal form nf is a map from the trace monoid T to the 
free monoid U A~^), which is compatible with inversion, i.e. it satisfies that 7r(nf(w)) = w and 
nf(w^^) — nf(w)^^, where w G T and tt is the canonical epimorphism from F(^U ^1^^) to T. 
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We refer to this normal form as to the DM-normal form or simply as to the normal form of an 
element w € T. 

3. Reducing systems of equations over G to constrained generalised equations over F 

The notion of a generalised equation was introduced by Makanin in [Mak77| . A generalised equation 
is a combinatorial object which encodes a system of equations over a free monoid. In other words, given 
a system of equations S over a free monoid, one can construct a generalised equation T(5). Conversely, 
to a generalised equation T, one can canonically associate a system of equations S~r over the free monoid 
F. The correspondence described has the following property. Given a system S the system Sx{s) is 
equivalent to S, i.e. the set of solutions defined by S and by Sx{s) isomorphic; and vice- versa, 
given a generalised equation T, one has that the generalised equations T(S'x) and T are equivalent, see 
Definition 13.21 and Lemma [331 

The motivation for defining a generalised equation is two-fold. One the one hand, it gives an efficient 
way of encoding all the information about a system of equations and, on the other hand, elementary 
transformations, that are essential for Makanin's algorithm, see Section [4.2l have a cumbersome descrip- 
tion in terms of systems of equations, but admit an intuitive one in terms of graphic representations of 
combinatorial generalised equations. In this sense graphic representations of generalised equations can 
be likened to matrices. In linear algebra there is a correspondence between systems of equations over 
a field k and matrices with elements from k. To describe the set of solutions of a system of equations, 
one uses Gauss elimination which is usually applied to matrices, rather than systems of equations. 

In |Mak82| . Makanin reduced the decidability of equations over a free group to the decidability of 
finitely many systems of equations over a free monoid, in other words, he reduced the compatibility 
problem for a free group to the compatibility problem for generalised equations. In fact, Makanin 
essentially proved that the study of solutions of systems of equations over free groups reduces to the 
study of solutions of generalised equations in the following sense: every solution of the system of 
equations S factors trough one of the solutions of one of the generalised equations and, conversely, 
every solution of the generalised equation extends to a solution of S. 

A crucial fact for this reduction is that the set of solutions of a given system of equations S over 
a free group, defines only finitely many different cancellation schemes (cancellation trees). By each of 
these cancellation trees, one can construct a generalised equation. 

The goal of this section is to generalise this approach to systems of equations over a partially com- 
mutative group G. 

In Section 13.11 we give the definition of a generalised equation over a monoid M. Then, along 
these lines, we define the constrained generalised equation over a monoid M. Informally, a constrained 
generalised equation is simply a system of equations over a monoid with some constrains imposed onto 
its variables. In our case, the monoid we work with is either a trace monoid (alias for a partially 
commutative monoid) or a free monoid and the constrains that we impose on the variables are 
commutation, see Section [^751 

Our aim is to reduce the study of solutions of systems of equations over partially commutative groups 
to the study of solutions of constrained generalised equations over a free monoid. We do this reduction 
in two steps. 

In Section 13. 2| we show that to a system of equations over a partially commutative group one can 
associate a finite collection of (constrained) generalised equations over a partially commutative monoid. 
The family of solutions of the collection of generalised equations constructed describes all solutions of 
the initial system over a partially commutative group, see Lemma [3. 161 

This reduction is performed using an analogue of the notion of a cancellation tree for free groups. Let 
S{X) = 1 be an equation over G. Then for any solution (51, ... , gn) € G" of S, the word S{gi, . . . , Qn) 
represents a trivial element in G. Thus, by van Kampen's lemma there exists a van Kampen diagram 
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for this word. In the case of partially commutative groups van Kampen diagrams have a structure of 
a band complex, see |CK07| . We show in Proposition 12.71 that van Kampen diagrams over a partially 
commutative group can be taken to a "standard form" . This standard form of van Kampen diagrams 
can be viewed as an analogue of the notion of a cancellation scheme. By Proposition 12. 7[ it follows that 
the set of solutions of a given system of equations S over a partially commutative group defines only 
finitely many van Kampen diagrams in standard form, i.e. finitely many different cancellation schemes. 
For each of these cancellation schemes one can construct a constrained generalised equation over the 
partially commutative monoid T. 

In Section [X51 we show that for a given generalised equation over T one can associate a finite collection 
of (constrained) generalised equations over the free monoid F. The family of solutions of the generalised 
equations from this collection describes all solutions of the initial generalised equation over T, see 
Lemma 13.211 

This reduction relies on the ideas of Yu. Matiyasevich, see [Mat 97] (see also jDMM99] ) and V. Diekert 
and A. MuschoU, see |DM06| . Essentially, it states that there are finitely many ways to take the product 
of words (written in DM-normal form) in T to DM-normal form, see Proposition 13.181 and Corollary 
13.191 We apply these results to reduce the study of the solutions of generalised equations over the trace 
monoid to the study of solutions of constrained generalised equations over a free monoid. 

Finally, in Section 13.41 we give an example that follows the exposition of Section [3l We advise the 
reader unfamiliar with the terminology, to read the example of Section [33] simultaneously with the rest 
of Section O 

We would like to mention that in [DM06| V. Diekert and A. Muscholl give a reduction of the com- 
patibility problem of equations over a partially commutative group G to the decidability of equations 
over a free monoid with constraints. The reduction given in |DM06| provides a solution only to the 
compatibility problem of systems of equations over G and uses the theory of formal languages. In this 
section we employ the machinery of generalised equations in order to reduce the description of the set 
of solutions of a system over G to the same problem for constrained generalised equations over a free 
monoid and obtain a convenient setting for a further development of the process. 

3.1. Definition of (constrained) generalised equations. Let X — {xi, . . . , a:„} be a set of variables 
and let G — Gr{A) be the partially commutative group generated by A and G[X] = G * F{X). 
Further by M we always mean cither F(y^^-'^) or T{A^^). 

Definition 3.1. A combinatorial generalised equation T over M (with coefficients from A^^) consists 
of the following objects: 

(1) A finite set of bases BS = BS{T). Every base is either a constant base or a variable base. 
Each constant base is associated with exactly one letter from A^^ . The set of variable bases 
M consists of 2n elements M = {^ii, . . . , /i2n}- The set M comes equipped with two functions: 
a function e : A4 ^ 1} and an involution A : A4 ^ A4 (i.e. A is a bijection such that 

is the identity on M). Bases /z and A(/z) are called dual bases. 

(2) A set of boundaries BV — B'D{T). The set BV is a finite initial segment of the set of positive 
integers S2? = {1, 2, . . . , pr + !}• 

(3) Two functions a : BS — > BV and /3 : BS BV. These functions satisfy the following conditions: 
a{b) < (3{b) for every base b S BS] if 6 is a constant base then /3(6) = a(6) -I- 1. 

(4) A finite set of boundary connections BC — BC{T). A (/i-)boundary connection is a triple (i, fJ,,j) 
where i,j G BV, fi £ M such that a{fi) < i < [3{^), a{A{^)) < j < /3(A(^)) We assume that 
if (i,ij.,j) e BC then (j, A(/i),i) £ BC. This allows one to identify the boundary connections 
(i,p, j) and {j,A{n),i). 

Though, by the definition, a combinatorial generalised equation is a combinatorial object, it is not 
practical to work with combinatorial generalised equations describing its sets and functions. It is more 
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convenient to encode all this information in its graphic representation. We refer the reader to Section 
13.41 for the construction of a graphic representation of a generalised equation. All examples given in 
this paper use the graphic representation of generalised equations. 

To a combinatorial generalised equation T over a monoid M, one can associate a system of equations 
St in variables hi, . . . , hp, p = pr and coefficients from A^^ (variables hi are sometimes called items). 
The system of equations Sj- consists of the following three types of equations. 

(1) Each pair of dual variable bases (A, A(A)) provides an equation over the monoid M: 

[ha{\)ha{\) + l ■ ■ ■ /l/3(A)-l]^'''^^ = [ha{A{\))ha(A{\)) + l ' ' ' hf3(^A{\))-lV^^'"^^^ ■ 

These equations are called basic equations. In the case when /3(A) — a{X) + 1 and /3(A(A)) = 
a(A(A)) + 1, i.e. the corresponding basic equation takes the form: 

(2) For each constant base b we write down a coefficient equation over M: 

ha(b) = a, 

where a G A^^ is the constant associated to b. 

(3) Every boundary connection {p, A, q) gives rise to a boundary equation over M, either 

[^q(A)^q(A) + 1 ■ ■ ■ ^P"l] = [^a(A(A))^Q(A(A)) + l ' ' ' ^9-1]; 

if e(A) = e(A(A)), or 

[ha(\)ha(X) + l ■ ■ ■ hp_i] = [hqhq+i ■ ■ ■ /l/3(A( A)) -l] i 

ife(A) = -e(A(A)). 

Conversely, given a system of equations S{X,A) = S over a monoid M, one can construct a combi- 
natorial generalised equation T(S') over M. 

Let S = {Li = Ri, . . . , Lm = Rm} be a system of equations over a monoid M. Write S as follows: 

^ii---^Hi = ''ii-'-'^iii 

^ml ' ' ' ^mim — ^ml ' ' ' '^mjm 

where hj,rij G X^'^ U^*^. The set of boundaries BV{T{S)) of the generalised equation T{S) is 



BV{T{S))^ \l,2,...,J2{^k+3k) + l 



(. k=l J 

For all A: = 1, . . . , m, we introduce a pair of dual variable bases p,ki A(/ifc), so that 

fe-i 

"(m*;) = E (*n + Jn) + 1' f3i^J.k) ^ a{p.k) + ik, £(/ife) = 1; 

a{A{p,k)) ^ a{pk) + ik, (3iA{pk)) = a{A{p,k)) + jk, £(A(^fe)) = 1. 

For any pair of distinct occurrences of a variable x € X as Uj — x^^^ , Irs — a;'^"', tij, ^st G where 
{i,j) precedes (s,t) in left-lexicographical order, we introduce a pair of dual bases Px,q, A(/ij;_q), where 
q = (i, i, s, i) so that 

i~l 

a{,Px,q) = I] (»n + in) + j, PiPx^q) = a{Px.q) + 1, £(Ma:,g) = ^ij] 

n=l 

s-1 

a{A{px.q)) = J2 i'i-n + in) +t, f3{A{px.q)) ^ a{Px.q) + I, e{A{px.q)) ^ ^st- 

Analogously, for any two occurrences of a variable x € X in S as rij — x'^'j , r^t — x'^"* or as rij — , 
ht — we introduce the corresponding pair of dual bases. 
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For any occurrence of a constant a e .4 in 5* as Uj = a^'^ we introduce a constant base Va so that 

i-l 

O^i'^a) = ^{"i-n + in) + j, PiVa) = a(Va) + 1. 
n=l 

Similarly, for any occurrence of a constant a £ A as rgt = a"^"* , we introduce a constant base Va so that 

s-l 

n=l 

The set of boundary connections BC is empty. 

Definition 3.2. Introduce an equivalence relation on the set of all combinatorial generalised equations 
over M as follows. Two generalised equations T and T' are equivalent, in which case we write T « T', if 
and only if the corresponding systems of equations St and S'x' are equivalent (recall that two systems 
are called equivalent if their sets of solutions are isomorphic). 

Lemma 3.3. There is a one-to-one correspondence between the set of fa -equivalence classes of combi- 
natorial generalised equations over M and the set of equivalence classes of systems of equations over M. 
Furthermore, this correspondence is given effectively. 

Proof. Define the correspondence between the set of ^-equivalence classes of combinatorial generalised 
equations over M and the set of equivalence classes of systems of equations over M as follows. To a 
combinatorial generalised equation T over M we assign the system of equations Sr associated to T and 
to a system of equations S over M we assign the combinatorial generalised equation T(S') associated to 
it. We now prove that this correspondence is well-defined. 

Let T and T' be two ^-equivalent generalised equations and let Sr and Sr' be the corresponding 
associated systems of equations over M. Then, by definition of the equivalence relation one has 
that Sr and Sr' are equivalent. 

Conversely, let S and 5" be two equivalent systems of equations over M and let T{S) and T(5') 
be the corresponding associated combinatorial generalised equations over M. By definition, T{S) and 
T(5") are equivalent if and only if the systems Sr{s) and Sr{s') are. By construction, it is easy to 
check, that the system of equations Sr{s) associated to T{S) is equivalent to S and the system Sr(s') 
is equivalent to S', thus, by transitivity, Sr{s) is equivalent to Sr{s')- Q 

Abusing the language, we call the system Sr associated to a generalised equation T generalised 
equation over M, and, abusing the notation, we further denote it by the same symbol T. 

Definition 3.4. A constrained generalised equation over M is a pair (T, 5Rx), where T is a generalised 
equation and SRx is a symmetric binary relation on the set of variables hi, . . . ,hp of the generalised 
equation T that satisfies the following condition. 

(★) Let dir{hi) = {hj \ ^r{hi, hj)}. If in T there is an equation of the form 

/i:-.../^::'^ =ft;-.../i;;', e.,^,e,,,e{l,-l}, n^l,...,k,t^l,...,l 

and there exists hm such that 5Rx(/ii„, h-m) for all n = 1, . . . , fc, then ^r{h'jt^ ^m) for all t — 
l,...,l. 

Definition 3.5. Let T(/i) = {Li{h) = Ri{h), . . . ,Ls{h) — Rs{h)} be a generalised equation over T 
in variables h = (hi, . . . , hp) with coefficients from G. A tuple H — {Hi, . . . , Hp) of non-empty words 
from G in the normal form (see Section [2. 5|) is a solution of T if: 

(1) all words Li{H), Ri{H) are geodesic (treated as elements of G); 

(2) L^{H) = R^{H) in the monoid T for aU i = I, . . . , s. 
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Definition 3.6. Let T(/i) = {Li{h) — Ri{h), . . . , Ls{h) = Rs{h)} be a generalised equation over F in 
variables h = {hi,. . . , hp) with coefficients from G. A tuple H = {Hi, . . . , Hp) of non-empty geodesic 
words from G is a solution of T if: 

(1) all words Li{H), Ri{H) are geodesic (treated as elements of G); 

(2) Li{H) = Ri{H) in F for alH = 1, . . . , s. 

The notation (T, H) means that H is a solution of the generalised equation T. 

Definition 3.7. Let SI = {T,^r) be a constrained generalised equation over M in variables h = 

{hi, . . . , hp) with coefficients from G. A tuple H = (Hi, . . . , Hp) of non-empty geodesic words in G is 
a solution of O if -ff is a solution of the generalised equation T and Hi ^ Hj if dir{hi, hj). 
The length of a solution H is defined to be 

\H\ = j2m- 

The notation (f2, H) means that H is a solution of the constrained generalised equation SI. 
The term "constrained generalised equation over M" can be misleading. We would like to stress that 
solutions of a constrained generalised equations are not solutions of the system of equations (associated 

to the generalised equation) over M. They are tuples of non-empty geodesic words from G such that 
substituting these words in to the equations of a generalised equation, one gets equalities in M. 

Nota Bene. Further we abuse the terminology and call SI simply "generalised equation". However, 
we always use the symbol SI for constrained generalised equations and T for generalised equations. 

We now introduce a number of notions that we use throughout the text. Let f2 be a generalised 
equation. 

Definition 3.8 (Glossary of terms). A boimdary i intersects the base /i if a{p) < i < l3{p). A boundary 
i touches the base /x if i = a(/x) or i = (3{ijl). A boundary is said to be open if it intersects at least one 
base, otherwise it is called closed. We say that a boundary i is tied in a base /x (or is fx-tied) if there 
exists a boundary connection (p, /i, 17) such that i = p or i = q. A boundary is free if it does not touch 
any base and it is not tied by a boundary connection. 

An item hi belongs to a base /x or, equivalently, /x contains hi, if a(/i) < i < /3(/i) — 1 (in this case we 
sometimes write hi G /i) . An item hi is called a constant item if it belongs to a constant base and hi is 
called a free item if it does not belong to any base. By ^{hi) = 7j we denote the number of bases which 
contain hi, in this case we also say that hi is covered 7, times. An item hi is called linear if 7, = 1 and 
is called quadratic if 7^ = 2. 

Let p., A{p) be a pair of dual bases such that a{p) = a{A{pj) and (3{p) = (3{A{p)) in this case we say 
that bases jj, and A(/Lt) form a pair of matched bases. A base A is contained in a base p if a{p) < a{X) < 
/3(A) < f3{p). We say that two bases fi and z/ intersect or overlap, if [a{p), I3{p)] D [a{i'), ^{1/)] ^ 0. A 
base p is called linear if there exists an item hi G p so that hi is linear. 

A set of consecutive items = {hi, . . . , /ij-i} is called a section. A section is said to be closed if 
the boundaries i and j are closed and all the boundaries between them arc open. If /i is a base then by 
cr{p) we denote the section [a{p), P{p)] and by h{p) we denote the product of items ha(^) . ■ . /i/3(^)_i. 
In general for a section by h[i,j] we denote the product hi. . . hj-i. A base p belongs to a section 
[i,j] if z < a{p) < P{p) < j. Similarly an item hk belongs to a section if i < k < j. In these cases 
we write p € [i,j] or hk G [i,j]. 

Let H = {Hi, . . . ,Hp) be a solution of a generalised equation SI in variables h = {hi, . . . ,hp}. We use 
the following notation. For any word W{h) in G[h] set W{H) = H{W{h)). In particular, for any base 
p (section a = [i,j]) of SI, we have H{p) = H{h{p)) = ir„(^) • • • -ff/3(/.)-i {H[i,j] = H{a) = H{h{a)) = 
Hi - ■ ■ Hj-i, respectively). 
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We now formulate some necessary conditions for a generalised equation to have a solution. 

Definition 3.9. A generalised equation H. — {T,dir) is called formally consistent if it satisfies the 
following conditions. 

(1) If e(/i) = — £(A(/i)), then the bases /i and A(/i) do not intersect, i.e. none of the items 
ha{ti)j ^/3(/i)-i is contained in A(/x). 

(2) Given two boundary connections (p, A, q) and {pi, A, gi), Hp < pi, then q < qi in the case when 
e(A)£(A(A)) ~ 1, and q > qi in the case when e(A)e(A(A)) = —1. In particular, ii p = pi then 

q = qi- 

(3) Let /i be a base such that a{fi) — a(A(/i)), in other words, let fi and A(/i) be a pair of matched 
bases. If {p, fi, q) is a /^-boundary connection then p = q. 

(4) A variable cannot occur in two distinct coefficient equations, i.e., any two constant bases with 
the same left end-point are labelled by the same letter from A^^. 

(5) If hi is a variable from some coefficient equation and (i, /i, qi), {i + 1, /i, (72) are boundary con- 
nections, then \qi — 92! = 1- 

(6) If^rih^hj) then i ^ j. 

Lemma 3.10. 

(1) If a generalised equation Q, over a monoid M has a solution, then Q, is formally consistent; 

(2) There is an algorithm to check whether or not a given generalised equation is formally consistent. 

Proof. We show that condition ([T]) of Definition 13.91 holds for the generalised equation fl in the case 
M = T. Assume the contrary, i.e. e{^) = —e{A{fij) and the bases /x and A(^) intersect. Let be a 
solution of n. Without loss of generality we may assume that = 1 and a{i.i) < a{A{n)). Then H. 
has the following basic equation: 

/iQ(M) • ■ ■ ^a(A(M)) = (hpip) ■ ■ ■ /i/3(A(M))) ^ ■ 

Since the bases /i and A(/i) intersect, the words H[a{A{fi)), (3{fi)] and H[a{A{fj,)), (3{fi)]^^ right-divide 
the word H{fi). This derives a contradiction with the fact that is a geodesic word in G, see 

[EKROSj . 

Proof follows by straightforward verification of the conditions in Definition 13.91 □ 
Remark 3.11. We further consider only formally consistent generalised equations. 

3.2. Reduction to generalised equations: from partially commutative groups to monoids. In 

this section we show that to a given finite system of equations S{X, ^) = 1 over a partially commutative 
group G one can associate a finite collection of (constrained) generalised equations Q£' [S) over T with 
coefficients from A^^ . The family of solutions of the generalised equations from Q£'[S) describes all 
solutions of the system S{X,A) — 1, see Lemma [3. 161 

3.2.1. G-partition tables. Write the system {S{X, A) ~ 1} ^ {Si = 1, . . . , Sm = 1} in the form 

riiru ■ ..ru, = 1, 
r2ir22 • ■■r2i2 = 1, 

rmirm2 ■ ■ - rmu = 

where are letters of the alphabet X^^ U A^^ . 

We aim to define a combinatorial object called a G-partition table, that encodes a particular type 
of cancellation that happens when one substitutes a solution PF(^) G G" into S{X, A) — 1 and then 
reduces the words in S{W{A),A) to the empty word. 

Informally, Proposition 12.71 describes all possible cancellation schemes for the set of all solutions of 
the system S{X, A) in the following way: the cancellation scheme corresponding to a particular solution. 
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can be obtained from the one described in Proposition 12.71 bv setting some of the words w|'s (and the 
corresponding bands) to be trivial. Therefore, every G-partition table (to be defined below) corresponds 
to one of the cancellation schemes obtained from the general one by setting some of the words 's to 
be trivial. Every non-trivial word wl corresponds to a variable Zk and the word Wj to the variable z^^. 
If a variable x that occurs in the system S{X, A) = 1 is subdivided into a product of some words wj 's, 
i.e. the variable a; is a word in the 's, then the word Vij from the definition of a partition table is 
this word in the corresponding Zfc's. If the bands corresponding to the words wj and wj, cross, then the 
corresponding variables Zr and Zg commute in the group H. 

The definition of a G-partition table is rather technical, we refer the reader to Section 13.41 for an 
example. 

A pair T (a finite set of geodesic words from G*F{Z), a G-partially commutative group) ,T— ( V, H) 
of the form: 

V ^ {V,j{zi,...,Zp)} ClG[Z] = G^ F{Z) [l <i <m,l < j <li), m = G{AUZ), 

is called a G-partition table of the system S{X, A) if the following conditions are satisfied: 

(1) Every element z ^ Z U Z^^ occurs in the words Vij only once; 

(2) The equality ViiV2 • • • V",;^ = 1, 1 < i < m, holds in H; 

(3) \Vij\<k-l; 

(4) if r,y = a e A^\ then \V,j \ = 1. 

Here the designated copy of G in H is the natural one and is generated by A. 

m 

Since \Vij\ < h ~1 then at most '^{h — different letters Zi can occur in a partition table of 

i=l 

m 

S{X,A) = 1. Therefore we always assume that p < J^i^i ~ I)'*- 

1=1 

Remark 3.12. In the case that G = F{A) and H = F{Z) are free groups, the notion of a G-partition 
table coincides with the notion of a partition tabic in the sense of Makanin, see [Mak82j . 

Lemma 3.13. Let S{X,A) = I be a finite system of equations over G. Then 

(1) the set VT{S) of all G-partition tables of S{X, A) — I is finite, and its cardinality is bounded 
by a number which depends only on the system S{X,A); 

(2) one can effectively enumerate the set VT{S). 

Proof. Since the words Vij have bounded length, one can effectively enumerate the finite set of all 
collections of words {Vij} in F{Z) which satisfy the conditions (H]), ([3]), Q above. Now for each such 
collection {l^y}, one can effectively check whether the equalities ViiVi2 ■ ■ ■ Vn^ = 1, 1 < i < m hold in 
one of the finitely many (since \Z\ < oo) partially commutative groups H or not. This allows one to list 
effectively all partition tables for S{X,A) — 1. □ 

3.2.2. Associating a generalised equation over T to a G-partition table. By a partition table T = 
({Vij},]HI) we construct a generalised equation fl'j- = (TJj-, SRxf^) in the following way. We refer the 
reader to Section for an example. 

Consider the following word V in ¥{Z^^): 

V - ^11^12 ■■■Vu,--- K,lKn2 • • • = 2/1 ' ' ' 

where ¥{Z^^) is the free monoid on the alphabet Z^^; yt £ Z^^ and p' = \V\ is the length of V. Then 
the generalised equation il'j- = fl'q-{h') has p' + 1 boundaries and p' variables h[,...,h'p, which are 
denoted by h' = {h'l, . . . , h'^, ) . 

Now we define the bases of ^1'^^ and the functions a, /3, e. 
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Let z ^ Z . For the (unique) pair of distinct occurrences of z in V: 

yi = z''\ Vj = z"^ e^,ej e {1,-1}, i < j, 
we introduce a pair of dual variable bases iiz^i,fiz,j such that A(fiz,i) — ^^z,j■ Put 

The basic equation that corresponds to this pair of dual bases is ft.^^' = ■ 
Let X G X. For any two distinct occurrences of x in S{X,A) = 1: 

nj = rs^t = x"'* {eij,est £ {1,-1}) 

so that precedes (s,i) in left-lexicographical order, we introduce a pair of dual bases ^x.q and 

A(/Xa;^g), q — (i, j, s,t). Now suppose that Vij and Vst occur in the word V as subwords 

Vj ^yci--- ydi , Vst = 2/c2 ■ • ■ yd2 correspondingly. 

Then we put 

aifJ'X.q) = Cl, l3{Hx,q) = dl + 1, e{fJ,x,q) = <^i], 

a(A(^j;,q)) = C2, /3(A(^j;,q)) (i2 + 1, £(A(^j;,q)) = e^t. 
The basic equation over T which corresponds to this pair of dual bases can be written in the form 

Let Vij = a € A^^ ■ In this case we introduce a constant base fiij with the label a. If Vij occurs in V 
as Vij = yc, then we put 

a{fi.ij) ^ c, Pi^iij) = c+ I. 
The corresponding coefficient equation is /i^ = a. The set of boundary connections of the generalised 
equation is empty. This defines the generalised equation T'q-. 

We define the binary relation 5Rx^ C h' x h' to be the minimal subset of h' x h' which contains 
the pairs {h[,h'j) such that [yi,yj] = 1 in H and yi ^ yj, is symmetric and satisfies condition (★) of 
Definition 13.41 This defines the constrained generalised equation Vt'q- = (TJj-,5Rx' )• 

Put 

g£'{S) ^ {n'-j- I r is a G-partition table for S{X,A) = 1}. 
Then Q£'{S) is a finite collection of generalised equations over T which can be effectively constructed 
for a given system of equations S{X, A) = 1 over G. 

Remark 3.14. As in Remark 13.121 if G = F{A) and HI = F{Z) are free groups and the set 5Rx^ is 
empty, then the basic equations are considered over a free monoid and the collection of generalised 
equations Q£' coincides with the one used by Makanin, see |Mak82j . 

3.2.3. Coordinate groups of systems of equations and coordinate groups of generalised equations. 

Definition 3.15. For a generalised equation T in variables h over a monoid M we can consider the 
same system of equations over the partially commutative group (not in the monoid). We denote this 
system by T*. In other words, if 

T = {Li{h) = Ri{h), Ls{h) = RAh)} 

is an arbitrary system of equations over M with coefficients from A^'^ , then by T* we denote the system 
of equations 

T* = {Li{h)Ri{h)-^ = 1, . . . , Ls{h)RAh)-^ = 1} 

over the group G. 



EQUATIONS OVER PARTIALLY COMMUTATIVE GROUPS 



27 



Similarly, for a given constrained generalised equation Q = (T,5Rt) in variables h over a monoid M 
we can consider the system of equations fl* = T*U{[hi, hj] \ 3?T(^i, hj)} over the partially commutative 
group (not in the monoid). Let 

Gi?(o*) = * u {[h,, h,] I mrih^, h,)}) : 

where F(h) is the free group with basis h. We call the coordinate group of the constrained 

generalised equation f2. 

Note that the definition of the coordinate group of a constrained generalised equation over M is 
independent of the monoid M. 

Obviously, each solution H oi over M gives rise to a solution of ^l* in the partially commutative 
group G. The converse does not hold in general even in the case when M = T: it may happen that H 
is a solution of H.* in G but not in T, i.e. some equalities Li{H) = Ri{H) hold only after a reduction 
in G (and, certainly, the equation [hi, hj] does not imply the ^-commutation for the solution). 

Now we explain the relation between the coordinate groups Gfl(n^*) Gfl(5(x,^))- 

For a letter x in X we choose an arbitrary occurrence of x in S{X, A) — 1 a^s 

r^j — X 

Let fi — fix,q, Q — (*,i, Sji) be a base that corresponds to this occurrence of x. Then Vij occurs in V as 
the subword 

Vtj = ya{p.) ■ ■■y|3{^,)-l■ 

Notice that the word Vij does not depend on the choice of the base fix,q corresponding to the occurrence 
rij. Define a word Px{h') E G[/i'] (where h' — {h[, . . . , /i^,}) as follows 

Px{h',A) = [h'^^^yh'^^^^^,y'\ 

and put 

P{h') = iPx„...,PxJ. 

The word Px{h') depends on the choice of occurrence rij = a;'^'^ in V. 

It follows from the construction above that the map X G[/i'] defined by x i— > Px{h' ,A) gives rise 
to a G-homomorphism 

(4) TT : Gfl.(5) ^ Gfl,(o^.). 

Indeed, if f{X) G R{S) then 7r(/(X)) = f{P{h)). It follows from condition @ of the definition of 
partition table that f{P{h)) = 1 in G^fo;^*), thus f{P{h)) G R{n'^*). Therefore R{f{S)) C i?(fi^*) 
and TT is a homomorphism. 

Observe that the image ■n{x) in G^(q^*) does not depend on a particular choice of the occurrence 
of X in S{X,A) (the basic equations of (I'q- make these images equal). Hence tt depends only on Vl'q-. 
Thus, every solution _ff of a generalised equation gives rise to a solution U of S* so that ttu = tttth- 

3.2.4. Solutions of systems of equations over Gr and solutions of generalised equations overT. Our goal 
in this section is to prove that every solution of the system of equations S{X, A) over G factors through 
one of the solutions of one of the finitely many generalised equations from QE'{S), i.e. for a solution 
W oi S there exists a generalised equation Vl'j- E Q£'{S) and a solution H of so that ttw — t^t^h, 
where tt is defined in ([¥]). In order to do so, we need an analogue of the notion of a cancellation scheme 
for free groups. The results of this section rely on the techniques developed in Section 3 of (CK07j . 

Let W^(^) be a solution of S{X,A) = 1 in G. If in the system ^ we make the substitution 
a : X ^ W{A), then 

{nir^2 ■ ■■nu) = r^^r.^2 ■ • • = 1 

in G for every i = 1, . . . , m. 
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Since every product i?f — tIytI^ . . .r^^, is trivial, we can construct a van Kampen diagram 'Dr" 
for i?f. Denote by i^^i, . . . , z^^p. the subwords w^, 1 < j < k < li oi rfj, where Wj are defined as in 

Proposition l2.7l As, by Proposition l2.7[ — wi, , so every Vij can be written as a freely reduced word 
Vij{Zi) in variables Zi = {zi^i, . . . , Zi^p.} so that if we set zfj = Zij, then we have that the following 
equality holds in T: 

Tij = Vij{Zi^l, . . . ,Zi^p.). 

Observe that if = a G A^^ then = a and we have \Vij \ — 1. By Proposition 12. 7( r^- is a product 

m 

of at most k — 1 words w*^, thus we have that \Vij\ < h — 1- Denote by Z = [J Zi = {zi, . . . ,Zp}. 

i=\ 

Take the partially commutative group H = U Z) whose underlying commutation graph is defined 
as follows: 

• two elements a^, in A commute whenever they commute in G; 

• an element a A commutes with Zi whenever a; 

• two elements Zi ^ Zj ^ Z commute whenever Zi ^ Zj . 

By construction, the set {Vij} along with the group IH is a partition table 7j4/(_4) for the system 
S{X,A) = 1 and the solution W{A). Obviously, 

H' = (zi, . . . 

is the solution of the generalised equation Q.q-„^j^^ induced by W^(y^). From the construction of the map 
P{h') we deduce that W{A) ^ P{H'). 

The following lemma shows that to describe the set of solutions of a system of equations over G is 
equivalent to describe the set of solutions of constrained generalised equations over the trace monoid 
T. This lemma can be viewed as the first "divide" step of the process. 

Lemma 3.16. For a given system of equations S{X,A) = 1 over G, one can effectively construct a 
finite set 

QE'{S) — {Q!q- \T is a G-partition table for S{X,A) — 1} 
of generalised equations over T such that 

(1) if the set Q£'(S) is empty, then S{X,A) = 1 has no solutions in G; 

(2) for each n'(h') G Q£'{S) and for each x G X one can effectively find a word Px{h',A) G G[/i'] 
of length at most \h'\ such that the map x i— *■ Px{h',A) gives rise to a G-homomorphism ttq/ : 
^R{S) ^ G_R(J7'*) particular, for every solution H' of the generalised equation i7' one has 
that P{H') is a solution of the system S{X, A), where P{h') ~ {Pxi , • • • > Px„))j 

(3) for any solution W{A) S G" of the system S{X,A) = 1 there exists fl'{h') G Q£'{S) and a 
solution H' offl'{h') such that W{A) = P{H'), where P{h') — {Pxn ■ ■ ■ ,Px„), o,nd this equality 
holds in the partially commutative monoid T{A^^); 

Corollary 3.17. In the notation of Lemma 13.161 for any solution W{A) G G" = G(.4)" of the system 
S{X,A) = 1 there exist a generalised equation VL'[h') G QE'{S) and a solution H' offl'{h') such that 
the following diagram commutes 

Gn(s) ^ Gfl(o'*) 




G 



Conversely, for every generalised equation fl'{h') G Q£'{S) and a solution H' of VL'{h') there exists a 
solution W{A) G G" = G(y^)" of the system S{X,A) = 1 such that the above diagram commutes. 
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3.3. Reduction to generalised equations: from partially commutative monoids to free 
monoids. In this section we show that to a given generalised equation fl' over T one can associate a 
finite coUection of (constrained) generahsed equations Q£{fl') over F with coefiicients from A^^. The 
family of solutions of the generalised equations from Q£{il') describes all solutions of the generalised 
equation SI', see Lemma [3.211 

We shall make use of the proposition below, which is due to V. Diekert and A. MuschoU. Essentially, 
it states that for a given partially commutative monoid T, there are finitely many ways to take the 
product of two words (written in DM-normal form) in T to DM-normal form. More precisely, given a 
trace monoid T there exists a global bound k such that the words u and v can be written as a product 
of k subwords in such a way that the product w = uv written in the normal form is obtained by 
concatenating these subwords in some order. 

Proposition 3.18 (Theorem 8, |DM06j ). Let u, V, w be words in DM-normal form in the trace monoid 
T, such that uv — w in T. Then there exists a positive integer k bounded above by a computable function 
of x: {recall that r — \A\) such that 

U = Ml • • • Ufc 

W = UiVi---UkVk 

for some permutation {ji, ■ ■ ■ , jk) of {1, . . . , k} and words Ui, Vj written in DM-normal form satisfying 

Ui ^ Vj for all i > j and Vj^ ^ Vj^ for all p, q such that (jp — jq){p — q) < 

Corollary 3.19. Let w,wi . . .wi be words in DM-normal form in the trace monoid T, such that 
Wi.-.wi — w inT. Then there exists a positive integer i — i{l,v) bounded above by a computable 
function of I and r such that 

Wi = • • • Wi,5,(t), ? = 1, . . . 

for some permutations i — 1, . . . ,1 o/ {1, . . . , 6} and some words Wij written in DM-normal form 
satisfying 

'^ii-Ji ^ '^ii;j2 foi~ o-ll h > *2 and ji < i2, and 

'^huUi) ^ ^»,?.02) /"'^ ji'h such that {ji - j2)(Q(ii) - q(J2)) < 0. 
Proof. The proof is by induction on I and is left to the reader. □ 

3.3.1. Generalised equations over F and generalised equations over T. Let Vl' = (T',3f?x') be a gener- 
alised equation over T and let T' = {Li = i?j | i = 1, . . . , m}. To every word Li (correspondingly, Ri) 
(in the alphabet h') we associate a set C{Li) (correspondingly, C{Ri)) constructed below. 

We explain the idea behind this construction. By Corollarv l3.19l for every solution H the word Li [LL] 
(correspondingly, Ri[H)) can be taken to the DM-normal form by using appropriate permutations q and 
setting some of the words Wi c;^(j) to be trivial. The system of equations in c, c G C{Li) (correspondingly, 
d G C{Ri)), see below for definition, is obtained from the equations 

see Corollarv l3.19l setting some of the words .^.q) to be trivial and applying the appropriate permu- 
tations Q. 

The word NFc{Li) £ c, c £ C{Li) (correspondingly, NFd{Ri), d £ C{Ri)) is the DM-normal form of 
the word Li (correspondingly, Ri) obtained from the equation 

w = wi,iW2,i ■ ■ ■ wi^i . . . wi^t . . . wi^e, 

see Corollarv l3.19l setting some of the words Wi^<;i{j) to be trivial and applying the appropriate permu- 
tations 
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The relations TZc{Li) (correspondingly, TZd{Ri)) are the ones induced by Corollarv l3.19l 

We treat the constant items h'^onst (^^^ below) separately, since, for every solution every item in 

h'^onst corresponds to an element from A^^ and, therefore does not need to be subdivided to be taken 

to the normal form. 

The formalisation of the above ideas is rather involved and technical. We refer the reader to Section 
13.41 for an example. 

Let 

^const ^ {K ^ ^' I there is a coefficient equation of the form h[ = a ui T' for some a G A\. 

Given Li, an element c of C{Li) is a triple: 

(system of equations in /i^^'^ U h'; a word NFc{Li) in /i*^^'); 

a symmetric subset TZc{Li) of /i^^*) x /i^^'^). 

Suppose first that the length of Li (treated as a word in h') is greater than 1. Then the system of 
equations is defined as follows: 

i K ^ '*£i(»c,,.i) ■ ■ ■ ''S(*c.,..,,,.)' ^^^^y occurrence /if in L„ h'^ ^ h!^^^^^, e = ±1, 1 

[ /if — h^j'iK for every occurrence /if in Li, h'^ G /iconst: e = ±1 J 

where 1 < ic,j,i < icj,2 < ■ ■ ■ < ic,j.kc < 6 = ^c,j is a permutation on kcj symbols, 

^ /^(^'^ see Corollarym 

The word NFc{Li) is a product of all the variables h^'^^\ The variable /ij^fei to the left of /ij^^a 
in NFc{Li) if and only if (ji, /ci) precedes {j2,k2) in the right lexicographical order. 

The symmetric subset TZc{Li) of /i'^'' x /i'^^') is defined as follows (cf. Corollary [3T9]): 

{hf^ll^-,hf^ll^ € UciLi) for aU ji > j2 and fci < /c2, and 

j(fc2)) ^ ^c(ii) for aU ki,k2 such that (fci - fc2)(?cj(fci) - ^£^(^2)) < 0. 

Suppose now that Li = /if then the system of equations is: {/i^ = /ij^'''}, the word NFc{Li) — h^j'i^ 
and 7^c(Li) = 0. 

If Li is just a constant a^^^^, we define C{Li) — {ci}, Ci — (0, a^^, 0). 
The construction of the set C{Ri) is analogous. 

Remark 3.20. Notice that the sets C{Li) and of C{Ri) can be effectively constructed and that their 
cardinality is bounded above by a computable function of \Li\, \Ri\ and r. 

Given a generalised equation fl' = (T',5Rt') over T, where T' = {Li = Ri, . . . , Lm — Rm] we 
construct a finite set of generahsed equations Q£{VL') over F 

g£{n') = {r!T I T = (ci, . . . , c„, di, . . . , where c, e C(i,), € C(i?,)} , 

and = {^Ti'^Tt) is constructed as follows. The generalised equation in variables h = 

rn 

[j (/i'^') U /i'^')) consists of the following equations: 

4=1 

(a) Equating the normal forms of Li and i?,;: 

iVF,, (L,) = NFd, {R^), for ^ = 1, . . . , m. 

(b) Equating different decompositions (as words in the /I's) of the same variable /i' of T': 
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any two occurrences ft,^*^ and /i^'' of h'j in equations of and , respectively, e,5 {—1, 1}; 



any two occurrences ft.' and h'^^ of /i' in equations of Cij and dig respectively, e, (5 G { — 1, 1} 



ft(.«-' , ,.../.(.^-' , J = U'^-' , , J , for 



<5 



any two occurrences ft^ *^ and ft^ '' of /i^ in equations of di-^ and respectively, e, (5 G {—1, 1} 
The set of boundary connections of is empty. 
We now define SRtt • Set 
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3f^T. {hfjlhfjl) if (fti^;\\ftJt4^) e 7^,.(i.) for some z; 



We define 5Rtt to be the minimal subset of ft x /i that is symmetric and satisfies condition (*) of 
Definition 13.41 This defines a combinatorial generalised equation, see Lemma [ 



3.3.2. Coordinate groups of generalised equations over T and over F. We now explain the relation 
between the coordinate group of the generalised equation f2' over T and the coordinate group of the 
generalised equation 17t over F. For any variable ft^ € ft' we choose an arbitrary equation in Ci, e T 

(or di, di e T) of the form ft'/ = ft^.^''' ^ • • • ft'^'-* ,. , and define a word Pi,/ (ft, A) G G\h] as 

follows: 

Ph,(h,A) = f ft*.-^'^ .•••ft'^.^'^ 

The word Ph'. (ft, ^) depends on the choice of the equation in Ci and on i. It follows from the construction 
above, that the map 

ft' G[h] defined by ft' ^ Ph'{h,A) 

gives rise to a G-homomorphism TTfj^ : Gfl(si'*) — > G^jo^*). Observe that the image ^^^{h'j) e Grj^^n^*-) 
does not depend on a particular choice of i and of the equation in Ci (or in di), since equations in f2 
make all of them identical. Hence, tth^, depends only on ^It- 

If H is an arbitrary solution of the generalised equation Ht, then H' = [P^i {H,A), . . . , Ph' {H,A)) 
is a solution of fi'. 

The converse also holds. From Corollarv l3.19[ the fact that DM-normal form is invariant with respect 
to inversion and definition of solution of a generalised equation, it follows that any solution H' of fi' 
induces a solution H oiflT- Furthermore, if H' = {H[, . . . , H'^,) then H'^ = P^r {H, A). 

The following lemma shows that to describe the set of solutions of a constrained generalised equation 
over T is equivalent to describe the set of solutions of constrained generalised equations over F. This 
lemma can be viewed as the second "divide" step of the process. 

Lemma 3.21. LetQ' be a generalised equation in variables h' — {h[, . . . , h'^,} overT, one can effectively 
construct a finite set Q£(D,') of constrained generalised equations over ¥ such that 

(1) if the set Q£{Q!) is empty, then f2' has no solutions; 

(2) for each VL{h) € Q£{il') and for each h[ e ft' one can effectively find a word Pfii {h,A) G G[ft] of 
length at most \h\ such that the map h[ i~> Ph'.{h,A) {h[ G ft') gives rise to a Gi -homomorphism 



32 



M. CASALS-RUIZ AND I. KAZACHKOV 



TTo : — >■ ^Riff) particular, for every solution H of the generalised equation one 
has that P{H) is a solution of the generalised equation f2', where P{h) — {Ph'^ , ■ • ■ , Ph' , ))/ 
(3) for any solution H' S G" of Q' there exists f2(/i) G Q£(fl') and a solution H of U,(h) such that 
H' ~ P(H), where P(h) — (Pfi' , . . . , Ph' ), and this equality holds in the free monoid F. 

Combining Lemma 13.161 and Lemma 13.211 we get the following 

Corollary 3.22. In the notation of Lemmas 13.161 artd 13.211 for any solution W{A) G G" = G(yl,)" of 
the system S{X,A) — 1 there exist a generalised equation fl'{h') £ Q£'{S), a solution H'{A) offl'(h'), 
a generalised equation fl{h) G Q£{S), and a solution H{A) of fl{h) such that the following diagram 
commutes 




G 



3.4. Example. The aim of Section[3]is to show that to a given finite system of equations S — S{X, A) = 
1 over a partially commutative group G one can associate a finite collection of (constrained) generalised 
equations Q£{S) over F with coefficients from A^^ such that for any solution W^(^) G G" of S there 
exists a generalised equation Vt{h) = Vl over F and a solution H{A) of Vl such that 

^^i?,(s) ^ Gfl(o*) 



G 

The family of solutions of the generalised equations from Q£'{S) describes all solutions of the system 
S{X,A) ~ 1, see Lemma [3. 161 

In this section for a particular equation over a given partially commutative group G and one of its 
solutions, following the exposition of Section [31 we first construct the constrained generalised equation 
over T and then the generalised equation over F such that the above diagram commutes. 



a 




Figure 2. The commutation graph of G. 

Let G be the free partially commutative group whose underlying commutation graph is a pentagon, 
see Figure [2j Let S{x,y,z,A) = {xyzy~^x~^ z~^ebe~^b~^ = 1} be a system consisting of a single 
equation over G in variables x, y and z. Since the word 

S{bac, c'^a^^d, e) = bacc^^a~^de d~^acc^^a^^b^^ e~^ ebe^^b^^ 
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is trivial in G, the tuple x — bac, y = c^^a^^d, z — e is a. solution of S. Construct a van Kampen 
diagram D for the word S(bac, c^^a^^d, e) = 1 and consider the underlying cancellation scheme as in 
Proposition m3 see Figure [31 



y 




Figure 3. Cancellation scheme for the solution x = bac, y = c ^d, z = e of S. 



Content of Section \3.2.1\ Write the equation S{x,y,z,A) in the form xyzy~^x~^ z~^ebe~^b~^ = 
Ti,! ■ ■ ■ Ti^iQ = 1, see Equation 

By the cancellation scheme shown on Figure [31 we construct a partition table T . To every end of a 
band on Figure[31 we associate a variable zi or its inverse z~^. We can write the variables x, y, z as words 
in the variables z^'s. Two variables Zi and Zj commute if and only if the corresponding bands cross. 
Thus, the partition table associated to the equation S{x, y, z, A) and its solution x = bac, y = c~^a~^d, 
2; = e is given below 

T={{Vu{zi,...,zj)}, H= (G,zi,...,z7 I N,Z4] - 1), i-l,...,10 

= Z1Z2; Via = z^^z^; Vij = ^ Vi,g = z^T^ 
Vi^2 = Z2^Z3; Vi,5 = Zg^^ze; Vi^s ^ z~^ Vi,io = zf ^ 

Vl,3 = Z^ Vifi = Z7; 

In the above notation, it is easy to see that every variable z^^ , i — 1, . . . , 7 occurs in the words Vij 
precisely once, and that Vi = Vi^i ■ ■ ■ Vi_io =h 1- 
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Content of Section \3.2.2\ We now construct the generahsed equation associated to the partition 
table T. Consider the word V in the free monoid F(zi, ...,27, zf^, . . . , z^^): 

V = Vi = ziZ2Z^'^ Z3Z4Z^'^ z^z^^ zqZjZj'^ Zg'^ z^'^ z^'^ = 2/1 • • -yii- 

The variables of the generalised equation fl'j- arc h[, . . . , (equivalently, the set of boundaries of the 
combinatorial generalised equation is {1, . . . , 15}). 

For every pair of distinct occurrences of Zi in V wc construct a pair of dual variable bases and the 
corresponding basic equation. For example, zi = yi and z^^ = yi4. We introduce a pair of dual bases 
Mzi.i, ^J■zlM and A(/i2i4) = Mzi,i4 so that 

a(M^i,i) = 1, P{t^zi,i) = 2, a(A(^^i4)) = 14, /3(A(^^i,i)) = 15, e(Ai^i,i) = 1, £(^^2144) = -1 

see Figure m The following table describes all basic 



The corresponding basic equation is h'l — 
equations thus constructed. 

pair of occurrences pair of dual bases 



2/1 


= 21,2/14 = 




A(/^.i,i) = 


^^1,147 


£(/^2l,l) 


= -£(Mzi,14) 


= 1 


2/2 


= ^2,2/3 = 


22~^ 


A(M.2,2) = 


= /-'Z2,3, 


£(^22,2) 


= -£(Ai32.3) = 


= 1 


2/4 


= 23,2/6 = 




A(M23,4) = 


= t^Z3,6l 


£(Mz3,4) 


= -£(Ai23:6) = 


= 1 


2/5 


= ^4,2/13 = 




A(/i^^,5) = 


Mz4,13, 


£(^^24,5) 


= -£(Mz4,13) 


= 1 


2/7 


= ^5,2/8 = 




A(M.5,7) = 


= /-*25,8, 


£(/^25,7) 


= ~£it^z,,s) -- 


= 1 


2/9 


= ^6,2/12 = 




A(/i.6,9) = 


Mz6,12j 


£(^^^6,9) 


= -£(^2642) 


= 1 


2/10 


= ZT.yii = 






^27,11: 


£(Mz7,10 


) = -£(^^7,11 


= 1 



corresponding basic equation 



{h[ = /ii4"T= {Li - Ri} 
{h', = h':^-^} ^ {L2 = R2} 
{K = h',-'} = {Ls = i?3} 

- {Li - i?4} 

{^5 - R5} 



{K = ^^'13" 
{h'r = K-'} 

{K = h[2 '} = {Le = Re} 



Ig — 1^12 

{h[o = K,''} = {Lr = Rj} 
For every pair of distinct occurrences of x (correspondingly, of t/, or of z) in ri^i • • -ri^io = 1, we 
construct a pair of dual variable bases and the corresponding basic equation. For example, ri 1 = x, 



We introduce a pair of dual bases ^ix.,ql , ^(tJ-x.qi), where qi = (1, 1, 1, 5) so that 



a{t^x,q^) = 1, Pit^x.,qi) = 3, a(A(/ia;,,J) = 8, P{A{n^,g^)) = 10, £(/la:,gi) = 1, £iA{^J,^,gJ) = -1. 

The corresponding basic equation is h[h'2 = {h'^h'g)~^, see Figure 01 The following table describes all 
basic equations thus constructed. 



pair 


of occurrences 


pair 


of dual bases 


corresponding basic equation 


ri.2 

ri,3 


= x,ri,5 = x^^ 

= y,riA = y^^ 

= z,ri,6 = z^^ 


A{l-lx,qi ) 7 t^x.qi •} 
A(A^j/,q2): My, 132: 

A(Mz,g3)i Mz,g3i 


£(Ma;,9i) = -£(/^2;a,5) = 1 

£{P'y,q2) ~ ^£(My,g2) = 1 
£(^2,93) = -£(^2,93) = 1 


{h'^h'2 = iKKV'} = {is = i?8} 

{^/i^ = (/i^/i^)"'} = {ig = R9} 
{^5 = '^'lo } = {^10 — Rio} 



Here qi = (1, 1, 1, 5), q2 = (1, 2, 1,4), 93 = (1, 3, 1,6). 

For rij = a e we construct a constant base and a coefficient equation. For example, ri^y 

We introduce a constant base ^i^u so that 



a(Mi, 



11 J 



The corresponding coefhcient equation is h'^ 
coefRcient equations. 



11, /?(Aii.ii) = 12. 

= e, see Figure IH The following table describes all 



an occurrence 


constant base 


corresponding coefficient equation 


'"1,11 = e 


Ml, 11 = e 


{h'li - e} = {in = i?ii} 


ri,i2 = b 


Ml, 12 = b 


{h'i2 = b} = {L12 = R12} 




Ml, 13 = 


{Kf' = e} = {ii3 = i?i3} 




Ml, 14 = b^^ 


{h\^ 1 = 6} = {Ll4 = i?14} 



The set of boundary connections of TJj- is empty. This defines the generalised equation T'^- shown on 
Figure IH 
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The set of pairs (/i-, h'j) such that [yi, yj] = 1 m H and yi ^ yj consists of: 

{{K, h',), {h'„ K), ih'„h',), {h'„ h',), {h'„ h[,), {h[„ h'^), {h'M, ih[„ K)}. 

To define the relation 5Rx^ we have to make sure that the set 5Rx!^ ^ h' xh' is symmetric and satisfies 
condition (*) of Definition 13.41 Since we have the equations h'^ = h'^^ ^ , /ijq — h'^^ ^ , we get that 

5Rxf, - m, K), iK.K). (K, h[,), {h'M, {hi h[,), {h'^, h[,), ih'^, h[^), {h'„ h[,)}. 

Clearly, the relation 5Rx^ has to be symmetric, but, in this section, we further write only one of the 
two symmetric pairs. This defines the constrained generalised equation fl'q- = (T^j-, SRx!^)- 
We represent generalised equations graphically in the way shown on Figure 31 



b 


ac 




d 


e 




ac 








e 


b 




b-' 






1 "k !' 


"k 


K 






1 "k 1 


K 


"k, 






























e 


b 




b-' 






























^■1,13 


1^1,14 



-4,5 



A(K-„i(,) '^(^4,5) 



4...) 



10 11 12 13 14 15 



Figure 4. The generalised equation fi^^ 



Content of Section \3.3.1\ By Corollary 13.221 for every pair (fi:^,/?') there exists a pair {^It,H) 
such that the diagram given in Corollary 13.221 is commutative. We now construct the set T = 
(ci, . . . , Ci4, c?i, . . . , rfio) that defines a generalised equation over F. We construct the elements 
Ci of the sets C{Li) that correspond to the solution x = bac, y = c~^a~^d, z — e. 

Recall that the partially commutative group G is defined by the commutation graph shown on Figure 
[21 The definition of DM-normal form in the partially commutative monoid T is given by induction on 
the number of thin clans. In our example thin clans of T are {a, a~^}, {b,b~^}, {c, c~^}, {d,d^^} and 
{e,e-i}. 

Consider the DM-normal form in T with respect to the thin clan {a, a Note that for Lg — h'^h'2, 
we have that L^{bac,c'^a^^d,e) — bac is not written in the DM-normal form. We introduce a new 
variable and write h\ ~ h-i^i''^ ^'2 ~ ''-2^1* ''^2^2*^ (here the corresponding permutation <^c,2 on {1,2} 
is trivial) and NFcg{Ls) = h[^i^ h[^^^ h^2^2^ . Notice that NFcsiLs){bac, c~^a~^d, e) = abc is in the 
DM-normal form. 
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Below we describe all the elements Ci for the solution x = bac, y = c ^d, z = e. 



CiLi) 9 ci 

C(L2) 3 C2 
C{L3) 9 C3 

CiLi) 3 C4 
CiL^) 9 C5 
C{L(i) 3 cq 

C{Ls) 9 C8 

C(i9) 9 eg 



(i2) 

2,1 



= f = 
= ( Ih' = 



"4,1 

"5,1 
(is)' 



I ^7 ]^ 



'9.1 



"1,1 
"2,1 
"4,1 
"5,1 
"7,1 
"9.1 



C(L7) 9 C7 = ({/I'l 



10 ^ "lO, 



10,1 ' ' 



_ ;,(ii2) 



({'■'. 



h' — h 
"ll ~ "ll,l 



h' 



I "ii,i I 



. /,(il2). 

J "12,1 I 



C(Lio) 9 cio = 
C(Lii) 9 cii = 

C(Li2) 9 Ci2 = 

C(Li3) 9 ci3 = 

C(Li4) 9 Cl4 = 

h['^\h', = ; 4"i)/'.l"2^/4!2^^ n.{L,) ^{(hf^i^A'f)}) 

4fi\/^4 = C^};4fiMy; 0). 




"l3,l ' 



14,1 



Analogously, we describe all the elements di for the solution x = bac, y = c ^d, z = e. 





= h^^^l 


J > "l4,l 






5 "3,1 ' 


'e- 


= 4?] 


1 "6,1 ' 


13 


~ "l3,l 


1. M 

j ' "l3,l 


' - 
8 " 




I. u{R^). 

1 "8,1 ' 


'l2 


_ u(R^) 

— "12,1 


1. uiRe) 
f I "l2,l 



4^1=^ 0) ; C{Rw) 9 dio = {{Ko~' = 4o,T^} ; ^ft^ 0) 



C(Ei) 9 rfi 

C{R2) 9 rf2 
C(i?3) 9 ^3 
C{R4) 9 rf4 
C(i?5) 9 

C(i?6) 9 rfe 

C(i?9) 9 rfn = 





. u(RT)^ 
- "ii,i 


= [{k. 


-^ = /. 


= (0; e; 


0); 


= (0; 6; 


0); 


= (0; e- 


0); 


= (0; 6- 


^ 0); 



l(«9)\ . , (Ho), («9). 

"6,1 J ' "6,1 "7,1 ' 



For the tuple T = (ci, . . . , C14, di, . . . , c?i4) we construct the generalised equation ^t- Equations 
corresponding to NFc- [Li) = NFd^ (Ri), i = 1, . . . , 14 are: 



"1,1 
"2,1 

"4,1 
"5,1 
"7,1 



"14,1 ' 

"3,1 ' 
ARs). 
"6,1 ' 

J,(«4). 
"13,1 ' 

"8,1 ' 



, (Ls) _ ,{R6). 

"■9.1 ^ "12,1 5 
, (L7) _ , (K7). 
"10,1 ~ "11,1 1 

uiLs) uiLs) ,{Ls) 
"2 1 "1 2 ""2 2 

4- 



, (L9), (L9) _ , (Kg), (Kg). 
"3,1 "4,1 — "6,1 "7,1 1 



^{Rs),{Rs)u{Rs). 
''8,1 "9,1 "8,2 1 



uiLio) 
"5,1 



j,(flio) . 
"10,10,1' 



"11,1 

"12,1 

I,(il3) 
"13,1 

"14,1 



e; 

6-1. 



Equations that equate different decompositions of the same variable /i' are obtained as follows: 



h[: 


from Ll, Lg, 


we 


get hf^^^ = 


"1,2 I 


/i^: 


from R^jRs, we get /ig^"^^ = 


,(%)-!, (Ka) 
"8.2 "8,1 


h'2 ■■ 


from 7^2,-^8, 


we 


get /i(^i^) = 


, (Lg), (is). 
"2 1 "22 I 




from Le,Rs, we get /ig^i"^ — 


J,(«8)-\ 
"9,1 > 


h'3: 


from Lg , i?2 , 


we 


get h^^,'^ = 


;,(fi2)-l. 
"3,1 ' 

"4.1 ' 


/i'lO 


from L7, i?io, 


we get h[^''l 


/,(fiio)-\ 

— "10,1 ' 

— "11,1 5 
_ a(«6). 

— "12,1 5 


K ■■ 


from L3,Lq, 


we 


get hi';,''' = 


Ki 


from ill, i?7, 


we get n\i , 




from L4, Lio 


, we get /i^ 1 = 


- "5,1 ' 


K2 


from L12, i?6 5 


we get h{2 1 




from RsjRg, 


we 


get /i^^i^^) = 


ft(fl9)-^ 

"6,1 ' 


Ks 


from Lis, R4, 


we get h[lf 


_ ;,(^i4). 
— "13,1 ' 




from L^,Rq, 


we 


get /ig^^ = 


aJi9)-\ 
"7,1 ' 




from Li4, iii, 


we get /ii4'i ^ 


-1 - h^^'^ 

^ — "14,1 • 
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This defines the generalised equation Tt (by the definition, the set of boundary connections of Tt is 
empty). 
Set 

• 5iT. (h^:i.h^l!) if e 7^,,(i?,) for some ^■ 

We define 5Rtt to be the minimal subset h x h that is symmetric and satisfies condition (★) of 
Definition E31 

Remark 3.23. Observe, that the initial system of equations S{x,y, z,A) contains a single equation in 
three variables. The generalised equation il'-j- is a system of equations in 14 variables. The generalised 
equation fir is a system of equations in at least 30 variables. (Note that for fiy, we constructed the 
system of equations over the monoid F. We still should have constructed a combinatorial generalised 
equation associated to this system, see Lemma l373l ) 

Notice that, the above considered example describes only one generalised equation (which was traced 
by a particular solution of S{x,y, z,A)). Consideration of all the finite collection of the generalised equa- 
tions corresponding to the "simple" system of equations S{x, y, z, A), can only be done on a computer. 

This picture is, in fact, general. The size of the systems grows dramatically and makes difhcult to 
work with examples. 

4. The process: construction of the tree T 

"Es werden aber bei uns in 
der Regel keine aussichtslosen 
Prozesse gefiihrt. " 
Franz Kafka, "Der Prozess" 

In the previous section we reduced the study of the set of solutions of a system of equations over a 
partially commutative group to the study of solutions of constrained generalised equations over a free 
monoid. In order to describe the solutions of constrained generalised equations over a free monoid, in 
this section we describe a branching rewriting process for constrained generalised equations. 

In his important papers |Mak77| and |Mak82j . G. Makanin devised a process for proving that the 
compatibility problem of systems of equations over a free monoid (over a free group) is decidable. 
This process was later developed by A. Razborov. In his work |Raz85j . |Raz87| . gave a complete 
description of all solutions of a system of equations. A further step was made by O. Kharlampovich and 
A. Miasnikov. In |KhM05a] . in particular, the authors extend Razborov's result to systems of equations 
with parameters. In [KhMOSb] the authors establish a correspondence between the process and the JSJ 
decomposition of fully residually free groups. 

In another direction, Makanin's result (on decidability of equations over a free monoid) was devel- 
oped by K.Schulz, see [SchQOj . who proved that the compatibility problem of equations with regular 
constraints over a free monoid is decidable. 

It turns out to be that the compatibility problem of equations over numerous groups and monoids 
can be reduced to the compatibility problem of equations over a free monoid with constraints. This 
technique turned out to be rather fruitful. G. Makanin was the first to do such a reduction. In [Mak82j . 
in particular, he reduced the compatibility problem of equations over a free group to the decidability 
of the compatibility problem for free monoids. Later V. Diekert, C. Gutierrez and C. Hagenah, see 
[DGHOl] . reduced the compatibility problem of systems of equations over a free group with rational 
constraints to compatibility problem of equations with regular constraints over a free monoid. 
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The reduction of compatibility problem for hyperbolic groups to free group was made in |RS95| 
by E. Rips and Z. Sela; for relatively hyperbolic groups with virtually abelian parabolic subgroups in 
[DahmOS] by F. Dahmani, for HNN-extensions with finite associated subgroups and for amalgamated 
products with finite amalgamated subgroups in [LS08| by M. Lohrey and G. Senizergues, for partially 
commutative monoids in [Mat97| by Yu. Matiasevich, for partially commutative groups in |DM06| by 
V. Diekert and A. MuschoU, for graph product of groups in [DL04j by V. Diekert and M. Lohrey. 

The complexity of Makanin's algorithm has received a great deal of attention. The best result 
about arbitrary systems of equations over monoids is due to W. Plandowski. In a series of two papers 
|P199al IP199b| he gave a new approach to the compatibility problem of systems of equations over a free 
monoid and showed that this problem is in PSPACE. An important ingredient of Plandowski's method 
is data compression in terms of exponential expressions. This approach was further extended by Diekert, 
Gutierrez and Hagenah, see [DGHOl] to systems of equations over free groups. Recently, O. Kharlam- 
povich, I. Lysenok, A. Myasnikov and N. Touikan have shown that solving quadratic equations over 
free groups is NP-complete, |KhLMT08] . 

Another important development of the ideas of Makanin is due to E. Rips and is now known as the 
Rips' machine. In his work Rips interprets Makanin's algorithm in terms of partial isometrics of real 
intervals, which leads him to a classification theorem of finitely generated groups that act freely on 
R-trees. A complete proof of Rips' theorem was given by D. Gaboriau, G. Levitt, and F. Paulin, see 
|GLP94] ■ and, independently, by M. Bestvina and M. Feighn, sec [BF95 , who also generalised Rips' 
result to give a classification theorem of groups that have a stable action on R-trees. 

The process we describe is a rewriting system based on the "divide and conquer" algorithm design 
paradigm (more precisely, "divide and marriage before conquest" technique, [B199j ). 

For a given generalised equation Qy^ , this branching process results in a locally finite and possibly 
infinite oriented rooted at vq tree T, T = T{Qy„). The vertices of the tree T are labelled by (con- 
strained) generalised equations fl^^ over F. The edges of the tree T are labelled by epimorphisms of the 
corresponding coordinate groups. Moreover, for every solution H of fly^ , there exists a path in the tree 
T from the root vertex to a vertex vi and a solution iJ^'^ of fi^, such that the solution H is a composition 
of the epimorphisms corresponding to the edges in the tree and the solution iJ'^'^ Conversely, every 
path from the root to a vertex vi in T and any solution H^''^ of Jli,, give rise to a solution of flyg , see 
Proposition 14.131 

The tree is constructed by induction on the height. Let u be a vertex of height n. One can check 
under the assumptions of which of the 15 cases described in Section [44l the generalised equation 0,^ falls. 
If ^ly falls under the assumptions of Case 1 or Case 2, then v is a. leaf of the tree T. Otherwise, using 
the combination of elementary and derived transformations (defined in Sections 14.21 and 14. 3p given in 
the description of the corresponding (to v) case, one constructs finitely many generalised equations and 
epimorphisms from the coordinate group of fly to the coordinate groups of the generalised equations 
constructed. 

We finish this section (see Lemma I4.19P by proving that infinite branches of the tree T, as in the 
case of free groups, correspond to one of the following three cases: 

(A) Case 7-10: Linear case (Levitt type, thin type); 

(B) Case 12: Quadratic case (surface type, interval exchange type); 

(C) Case 15: General case (toral type, axial type). 

4.1. Preliminary definitions. In this section we give some definitions that we use throughout the 
text. 
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Definition 4.1. Let be a generalised equation. We partition the set S = I](ft) of all closed sections 
of CI into a disjoint union of two subsets 

E(r2) = U CS. 

The sections from VT, and CE, are called correspondingly, variable, and constant sections. 

To organise the process properly, we partition the closed sections of Q in another way into a disjoint 
union of two sets, which we refer to as parts: 

Sections from AT, are called active, and sections from NAT are called non- active. We set 

CE C NAT. 

If not stated otherwise, we assume that all sections from VT belong to the active part AT. 

If (T £ S, then every item (or base) from a is called active or non-active, depending on the type of a. 

Definition 4.2. We say that a generalised equation is in the standard form if the following conditions 
hold. 

(1) All non-active sections are located to the right of all active sections. Formally, there are numbers 
1 < Pa < + 1 such that [1, pa] and [pA, pn + 1] are, correspondingly, unions of all active and 
all non-active sections. 

(2) All constant bases belong to CT, and for every letter a e A^^ there is at most one constant 
base in labelled by a. 

(3) Every free variable hi of belongs to a section from CT. 

We will show in Lemma 14.121 that every generalised equation can be taken to the standard form. 

4.2. Elementary transformations. In this section we describe elementary transformations of gener- 
alised equations. Recall that we consider only formally consistent generalised equations. In general, an 
elementary transformation ET associates to a generalised equation fl = (T, 5Rt) a finite set of gener- 
alised equations ET(r2) = {^i, . ■ . ,^r}, = (Ti,5RTi) and a collection of surjective homomorphisms 
(^i '■ ^R.{n-') ^ ^B.{ni') such that for every pair {fl,H) there exists a unique pair (rii,i7'^*^) such that 
the following diagram commutes. 

Gi?(n.) ^ 




Since the pair {fli, T?'*^) is defined uniquely, we have a well-defined map ET : {ft, H) (il^, ij'*^). 

Every elementary transformation is first described formally and then we give an example using graphic 
representations of generalised equations, the latter being much more intuitive. It is a good exercise to 
understand what how the elementary transformations change the system of equations corresponding to 
the generalised equation. 

ETl; Cutting a base. Suppose that contains a boundary connection {p,\,q). 

The transformation ETl carries into a single generalised equation fJi ~ (Ti,5Rxi) which is ob- 
tained from ri as follows. To obtain Ti from T we 

• replace (cut in p) the base A by two new bases Ai and A2, and 

• replace (cut in q) A(A) by two new bases A(Ai) and A(A2), 
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SO that the foUowing conditions hold. 
If e(A) = £(A(A)), then 

a(Ai) = a(A), /3(Ai) = p, ^(Aa) = p, /^(Aa) - /3(A); 
a(A(Ai)) = «(A(A)), /3(A(Ai)) = g, a(A(A2)) = g, /3(A(A2)) = /?(A(A)); 
If e(A) = -e(A(A)), then 

a(Ai) = a(A), /3(Ai) = p, ^(Aa) - p, /^(Aa) = /3(A); 
«(A(Ai)) = g, /3(A(Ai)) = /3(A(A)), a(A(A2)) = «(A(A)), /3(A(A2)) = g; 

Put 

e(A,) = e(A), £(A(A,)) = e(A(A)), z = 1,2. 

Let {p',X,q') be a boundary connection in 51. If p' < p, then we replace (p',X,q') by (p',Ai,(7'). 
If p' > p, then we replace {p',X,q') by (p', A2, g'). Notice that from property ^ of Definition 13.91 it 
follows that (p', Ai, q') (or (p', A2, g')) is a boundary connection in the new generalised equation. 

We define the new generalised equation fli = (Ti.SRxi), by setting Jftxi = ^ftx- The resulting 
generalised equation ili is also formally consistent. Put ETl(il) = {f^i}, see FigureO 



X 



A(X) 




^1 






X2 


1 *" — 






— ^ 





A(^i) 



A(^2) 



Figures. Elementary transformation ET 1: Cutting a base. 



ET2; Transferring a base. Let a base A of a generalised equation be contained in the base p, i.e., 
a(p) < a(A) < /3(A) < /3(p). Suppose that the boundaries a(A) and (3{X) are p-tied, i.e. there 
are boundary connections of the form {a{X), fi,qi) and (/3(A), ^, 52)- Suppose also that every A-tied 
boundary is /i-tied. 

The transformation ET2 carries H. into a single generalised equation fli = (Ti,5ftTi) which is ob- 
tained from il as follows. To obtain Ti from T we transfer A from the base p to the base A(p) and 
adjust all the basic and boundary equations (see Figure [S]). Formally, we replace A by a new base 
A' such that a(A') = gi,/3(A') = (72 and replace each A-boundary connection (p, A, g) with a new one 
(p'j A', q) where p and p' are related by a /i-boundary connection (p, fj.,p'). 

By definition, set 3^X1 = ^r- We therefore defined a generahsed equation Q = (Ti,3fixi), set 
ET2(r2) = {Qi}. 







A(^) 
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12345 



A(H) 



Figure 6. Elementary transformation ET 2: Transferring a base. 
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ET3; Removing a pair of matched bases. Let /i and A(/i) be a pair of matched bases in Q. Since is 
formally consistent, one has e(/i) = £(A(/i)), /3(/i) — /3(A(/i)) and every /i-boundary connection is of 
the form {p, fi,p). 

The transformation ET3 applied to Q results in a single generalised equation Qi = (Ti,5Rxi) which 
is obtained from Q by removing the pair of bases fi, A.{fi) with all the /i-boundary connections and 
setting — SRt, see Figure [71 



ET3 



A(^) 



Figure 7. Elementary transformation ET3: Removing a pair of matched bases. 



Remark 4.3. Observe that for i = 1,2,3, the set ETi(rj) consists of a single generalised equation 
rti, such that n and ili have the same set of variables h and Sftx = 5Rti- The identity isomorphism 
Oi : F[h] ^ F[h], where F is the free group on A, trivially induces a G- isomorphism 9i from Gfl(o*) to 
*G^i?(ni*) and an F-isomorphism 0'i from Ffj(x-) to Fii(Ti')- 

Moreover, if is a solution of fl, then the tuple H is a. solution of ili, since the substitution of H 
into the equations of ili result in graphical equalities. 

FT 4; Removing a linear base. Suppose that in f2 a variable base /i does not intersect any other 
variable base, i.e. the items /la(^), . . . , are contained only in one variable base /i. Moreover, 

suppose that all boundaries that intersect ^ are /i-tied, i.e. for every i, a{p) < i < f3{fi) there exists 
a boundary t{i) such that {i,ii,t{i)) is a boundary connection in f2. Since f2 is formally consistent, 
we have t{a{p)) = a(A(/i)) and t(/3(/Lt)) = l3{A{fi)) if e{p)e{A{fi)) = 1, and t{a{fi)) = /3(A(/i)) and 
t(/3(/x)) = a(A(/i)) if £(/.)£(A(m)) = -1. 

The transformation FT 4 carries il into a single generalised equation Qi ~ (Ti,3fixi) which is ob- 
tained from Q by deleting the pair of bases n and A(/x); deleting all the boundaries a(/Lt)-|-l, . . . , — 1, 
deleting all /x-boundary connections, re-enumerating the remaining boundaries and setting SRxi = '^T- 

We define the epimorphism 6i : F[h] F[h^^^, where F is the free group on A and /i*^^^ is the set 
of variables of fJi, as follows: 

r hf\ ifj <«(/.) or J >/?(/.); 

0i{h,)^l M3)---M3+i)-i' if« + l<J</3(M)-lande(M)=e(A(M)); 

[ • • • if « + 1 < J < /3(m) - 1 and e{^^) = -e{A{^i)). 

It is not hard to see that 9i induces a G-isomorphism 6i : G/^j^^j.) — > 6^(57^*) and an i^-isomorphism ^5. 
from FfK^x*) to F/j(Xi*)- Furthermore, if is a solution of 51 the tuple i?*-^-* (obtained from in the 
same way as h^^^ is obtained from h) is a solution of Qi. 

Remark 4.4. Every time when we transport or delete a closed section [i,j] (see FT 4, D2, D5, D6), 
we re-enumerate the boundaries as follows. 
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Figure 8. Elementary transformation ET4: Removing a linear base. 



C : fc 



The re-enumeration of the boundaries is defined by the correspondence C : B'D{fl) SP(ili), 
ni e ET4(0): 

fc, if fc < i; 

k- {j - i), if fc > 
Naturally, in this case we write 5Rti = SRt meaning that 

3fiT(/ifc), iffc<i; 

ET5; Introducing a new boundary. Suppose that a boundary p intersects a base /i and p is not /i-tied. 

The transformation ET 5 /i-ties the boundary p in all possible ways, producing finitely many different 
generalised equations. To this end, let g be a boundary intersecting A(/i). Then we perform one of the 
following two transformations (see Figure [5]) : 



1^ 
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Figure 9. Elementary transformation ET5: Introducing a new boundary. 

(1) Introduce the boundary connection (p, /i, q) in T, provided that the resulting generalised equa- 
tion Tq is formally consistent. Define the set Sftx ^ /i x ft, to be the minimal subset that contains 
5Rt , is symmetric and satisfies condition (★) , see Definition 13.41 This defines the generalised 
equation fig = (T^,3fix<j)- 

The identity isomorphism 9q : F[h] — s- F[h], where F is the free group on A, trivially induces 
a G-epimorphism 9q from Gr^q*) to Gj^q^*^ and an F-epimorphism 9'^ from fi?(T*) to Fj^^-Yg*)- 

Observe that 9q is not necessarily an isomorphism. More precisely, 9q is not an isomorphism 
whenever the boundary equation corresponding to the boundary connection (p, /i, q) does not 
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belong to R{il*). In this case 6q is a proper epimorphism. Moreover, if is a solution of fl, 
then the tuple H is a. solution of flq. 
(2) Introduce a new boundary q' between q and q + 1; introduce a new boundary connection 
{p,li,q') in T. Denote the resulting generalised equation by T^/. Set (below we assume that 
the boundaries of Tg/ are labelled 1,2, ... ,q,q' ,q + 1, pr , +1): 



^rihq), iii^q,q'; 
'Sir (hi), otherwise. 

We then make the set SRx , symmetric and complete it in such a way that it satisfies condition 
(★), see Definition 13.41 This defines the generalised equation 17,/ = (Tg/jSftx,, )• 

We define the F-monomorphisni 9q' : F[h] ^ F[h^'i where F is the free group on A and 
/i^'? ) is the set of variables of fig' , as follows: 



9{h,) 



hi, if « 7^ g; 

hq^^ihq^, iii^q. 



Observe that the _F-monomorphism 9qi induces a G-isomorphism 9qi : Gruiw) ~^ ^R{n ,*) 

an i^-isomorphism 9'^, from -Fi^(T*) to -Fr(t , *) ■ Moreover, if 7J is a solution of il, then the tuple 

H'^'^ '> (obtained from H in the same way as /i'^*' ' is obtained from h) is a solution of Qqi. 

Lemma 4.5. Let fli € {^i} = ET(r2) be a generalised equation obtained from D, by an elementary 
transformation ET and let 9i : Gfu^ff) — > G_R(n*) be the corresponding epimorphism. There exists an 
algorithm which determines whether or not the epimorphism 9i is a proper epimorphism. 

Proof. The only non-trivial case is when ET = ET 5 and no new boundaries were introduced. In this 
case VLi is obtained from 17 by adding a new boundary equation s = 1, which is effectively determined 
by Q, and f2i. In this event, the coordinate group 

is a quotient of the group Gfl'(r2.). The homomorphism 9i is an isomorphism if and only if R{Q,*) = 
i?({nu {s}}*), or, equivalently, s G i?(r2*). The latter condition holds if and only if s vanishes on all 
solutions of the system of equations f2* = 1 in G, i.e. if the following universal formula (quasi identity) 
holds in G: 

Vxi . . .\/Xp{n*{xi, . . . ,Xp) = 1 ^ s{xi, ...,Xp) = 1). 

This can be verified effectively, since the universal theory of G is decidable, see |DL04| . □ 

Lemma 4.6. Let ^ll G ~ ET(r2) be a generalised equation obtained from J7 by an elementary 

transformation ET and let 9i : G/j(q*) Gj^(n*) be the corresponding epimorphism. Then there exists 
a homomorphism 

9i : F[hi, . . . , ■ ■ • ' ViJ 

such that 9i induces an epimorphism 

and the epimorphism 9i. In other words, the following diagram commutes: 

Gfl(n-) < F[hi,...,hp,^] > i^fl(T-) 

Proof. Follows by examining the definition of 9i for every elementary transformation ET 1 — ET 5. □ 
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4.3. Derived transformations. In this section we describe several useful transformations of gener- 
alised equations. Some of them arc finite sequences of elementary transformations, others result in 
equivalent generalised equations but cannot be presented as a composition of finitely many elementary 
transformations. 

In general, a derived transformation D associates to a generalised equation f2 = (T,5Rx) a finite set 
of generalised equations D(ri) = {Oi, . . . ,51,.}, = (TTii^Rxi) and a collection of surjective homomor- 
phisms 9i : Gi?(o*) ^R{ni*) such that for every pair {Q, H) there exists a unique pair (O^, i/*^')) such 
that the following diagram commutes. 

^R(n' ) 




Since the pair (fi^, T?'*^) is defined uniquely, we have a well-defined map D : (il, H) — > (17^, i/*^*'). 

Dl : Closing a section. Let a — [i,j] be a section of fi. The transformation Dl makes the section a 
closed. To perform D 1, using ET 5, we /i-tie the boundary i (the boundary j) in every base /i containing 
i (j, respectively). Using ETl, we cut all the bases containing i (or j) in the boundary i (or in j), see 
Figure [101 







A(M) 
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ETl 



2 i3 4 5 



Figure 10. Derived transformation D 1: Closing a section. 



D 2 : Transporting a closed section. Let cr be a closed section of a generalised equation 17. The derived 
transformation D 2 takes to a single generalised equation Qi obtained from fl by cutting a out from the 
interval [1, + 1] together with all the bases, and boundary connections on a and moving a to the end 
of the interval or between two consecutive closed sections of fi, see Figure ITT] Then we re-enumerate all 
the items and boundaries of the generalised equation obtained as appropriate, see Remark 14. 41 Clearly, 
the original equation il and the new one fli have the same solution sets and their coordinate groups 
are isomorphic (the isomorphism is induced by a permutation of the variables h). 




Figure 11. Derived transformation D 2: Transporting a closed section. 
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D 3 : Completing a cut. Let fl be constrained a generalised equation. The derived transformation D 3 
carries fl into a single generalised equation — fli by applying ET 1 to all boundary connections in fl. 
Formally, for every boundary connection (p,^,q) in fl we cut the base ^ in p applying ETl. Clearly, 
the generalised equation does not depend on the choice of a sequence of transformations ET 1. Since, 
by Remark l4.3i ET 1 induces the identity isomorphism between the coordinate groups, equations il and 
f2 have isomorphic coordinate groups and the isomorphism is induced by the identity map G[h] — > G[h]. 

D 4 : Kernel of a generalised equation. The derived transformation D 4 applied to a generalised equation 
results in a single generalised equation Kcr(ri) — D4(r2) constructed below. 

Applying D 3, if necessary, one can assume that a generalised equation f2 = (T, Sftx) does not contain 
boundary connections. An active base /i e AJ^{T) is called eliminable if at least one of the following 
holds: 

a) fi contains an item hi with 7(/ii) = 1; 

b) at least one of the boundaries a{fi),(3{fi) is different from l,p + 1 and it does not touch any 
other base (except fi). 

An elimination process for T consists of consecutive removals (eliminations) of eliminable bases until 
there are no eliminable bases left in the generalised equation. The resulting generalised equation is called 
the kernel of T and we denote it by Ker(T). It is easy to see that Ker(T) does not depend on the 
choice of the elimination process. Indeed, if T has two different eliminable bases /ii, /i2, and elimination 
of fii results in a generalised equation then by induction on the number of eliminations Ker(Ti) is 
defined uniquely for i = 1,2. Obviously, ni is still eliminable in T2, as well as /i2 is eliminable in Ti. 
Now eliminating fii and fi2 from T2 and Ti respectively, we get the same generalised equation Tq. By 
induction Ker(Ti) = Ker(To) = Ker(T2) hence the result. 

We say that a variable hi belongs to the kernel, if hi either belongs to at least one base in the kernel, 
or is constant. 

For a generalised equation Q we denote by Q — (T,5Ry) the generalised equation which is obtained 
from n by deleting all free variables in T and setting to be the restriction of "Sir to the set of 
variables in T. Obviously, 

where {j/i, . . . yk\ is the set of free variables in T and hj is a variable of (in particular, hj may be one 
of the free variables j/i , . . . , ) . 

Let us consider what happens in the elimination process on the level of coordinate groups. 
We start with the case when just one base is eliminated. Let p, be an eliminable base in T = 
T(/ii, . . . , hp). Denote by Ti the generalised equation obtained from T by eliminating p and let fJi = 
(TijSRti), where 9?Ti — Six- 

(1) Suppose hi Cz 11 and 7(/ii) = 1, i.e. p falls under the assumption a) of the definition of an 
eliminable base. Then the variable hi occurs only once in T (in the equation /i(/x)^*^^) ~ 
/i(A(^))^*^'^'^'^)) corresponding to the base p, denote this equation by s^). Therefore, in the 
coordinate group the relation can be written as hi — w^, where does not contain 

hi. Consider the generalised equation T' obtained from T by deleting the equation and 
the item hi. The presentation of the coordinate group of T' is obtained from the presentation 
of the coordinate group of T using a sequence of Tietze transformations, thus these groups 
are isomorphic. We define the relation 5Rt' as the restriction of Sftx to the set h \ {hi}, and 

n' = (T',3fiT')- 

It follows that 

Gfl(n-) - ^[^1' ■ ■ ■ ' ^''-i' '^^+1' • • ■ ' '^pVi?(0'* U {[hj,Wf,] I dir{hj,h,)})- 
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We therefore get that 
and 

^G[/ii,...,/ipjj^,zi,...,Zi] /^l^ Hi* U I 3fJT(/ii,/i»)} 



U{[zfe,/ij] I lRr{zk.hj)}\j{[zk,w^] I 5Rt(z/c,/iz)} 

where {^i, . . . , z;} are the free variables of f2i distinct from h^. Note that all the groups and 
equations which occur above can be found effectively. 
(2) Suppose now that /i falls under the assumptions of case b) of the definition of an eliminable 
base, with respect to a boundary i. Then in all the equations of the generalised equation f2 but 
s^, the variable hi-i occurs as a part of the subword {hi^ihi)^^ . In the equation the variable 
hi-i either occurs once or it occurs precisely twice and in this event the second occurrence of 
hi-i (in A{fi)) is a part of the subword (hi-ihi)^^ . It is obvious that the tuple 

(hi, . . . , /ii_2, /i'i-i, hi^ihi, /li+i, . . . , hp) = {hi, . . . , /ii_2, /ii-i, h'^, /ii+i, • • ■ , hp) 

forms a basis of the ambient free group generated by (hi, . . . , hp). We further assume that is 
a system of equations in these variables. Notice, that in the new basis, the variable hi^i occurs 
only once in the generalised equation f2, in the equation s^. Hence, as in case ([T]), the relation 
Sjj, can be written as hi-i = w^, where Wp does not contain hi-i. 

Therefore, if we eliminate the relation s^, then the set Y = {hi, . . . , /ii_2, h'^i ^i+i, • • ■ , hp) 
is a generating set of Gr^q*)- In the coordinate group Gfl(f2.) the commutativity relations 
{[hj, hk] I 'SiT{hj, hk)} rewrite as follows: 

if ^r{hj, hk) and j, k ^ — 1}; 
if '^r{hi^i, hj); 

if ?^T{hr,hj) 




This shows that 



hi, . . . ,hi^2,K,hi+i, ...,hp] ( n'* U {[wp,hj] \ '?Rr{hi_i, hj)} 



U{[wp-^h'^,hj] I nr{h^,h,)} 



where ft' = (T',3fix') is the generalised equation obtained from fii by deleting the boundary 
i and SRx' is the restriction of 5Rti to the set h \ {hi^i,hi}. Denote by il" the generalised 
equation obtained from Q' by adding a free variable z. It now follows that 

Gij(Oi-) c^'G[hi,---,h^^2,h,+i,...,hp,z]/f n"*U{[z,hj] \ SRti ft-j)} 



U{[z~^h'^,hj] I nr^{h^,h,)} 
G[hi,...,hi_2,hi+i,...,hp,z]/^f n'* U {{z,hj]\^rAhi-i,hj)} \ ^nd 



U{[z-^h',,hj] I ?SirAhi,hj)} 



rwroM ^ ■ • ■ ' ^^^-2, K, h+i, ...,hp\ ( ^* U {[w^, hj\ \ '^r{ht^i, hj)} 

^ ' yj{\w^,-^h\,h,\\^-^{h,,hj)} 



(G[/ii, . . .,hf^,zi, 




r!"*U{K-i/i^,/i,] I 3?Ti(/iz,/i,)} 



U{K,Zj] I 3fJTi(/^»-i,Zj)}U{[zj-,/ife] I '^^'{zjM)} 
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where {zi, . . . , z;} are the free variables of fi" distinct from z. Notice that all the groups and 
equations which occur above can be found effectively. 
By induction on the number of steps in the elimination process we obtain the following lemma. 

Lemma 4.7. In the above notation, 

(Gfl(o.) ^ ^^[^1' • ■ ■ ' '^p™ ' ■ ■ • ' ^']/i?(K^* u icy 

where {zi, . . . , zi} is a set of free variables o/Ker(ri), and K, is a certain computable set of commutators 
of words in hU Z . 

Proof. Let 

17 f^i ^ • • • ^ f^fe = Ker(17), 

where flj+i is obtained from Qj by eliminating an climinable base, j = 0, . . . , fc — 1. It is easy to see 
(by induction on k) that for every j = 0, . . . , fc — 1 

Ker(Oj) = Ker (117). 

Moreover, if fij+i is obtained from flj as in case (H]) above, then (in the above notation) 

(Ker(r!,)), = Ker(r!;'). 

The statement of the lemma now follows from the remarks above and Equations (O and ^ . Note that 
the cardinality I of the set {zi, . . . , z;} is the number of free variables of Ker(ri) minus k. □ 

D 5 : Entire transformation. In order to define the derived transformation D 5 we need to introduce 
several notions. A base /x of the generalised equation $7 is called a leading base if a{p) = 1. A leading 
base is called a carrier if for any other leading base A we have /3(A) < P{fJ.). Let ^ be a carrier base of 
fi. Any active base \^ \i with /3(A) < /3(/i) is called a transfer base (with respect to /x). 

Suppose now that is a generalised equation with 7(/ii) > 2 for each hi in the active part of fl. The 
entire transformation is the following sequence of elementary transformations. 

We fix a carrier base fi of fl. For any transfer base A we //-tie (applying ET5) all boundaries that 
intersect A. Using ET 2 we transfer all transfer bases from /i onto A(/i). Now, there exists some k < (3{ij,) 
such that hi, . . . ,hk belong to only one base /i, while hk+i belongs to at least two bases. Applying ET 1 
we cut /i in the boundary A: + 1. Finally, applying ET4, we delete the section [1, fc + 1], see Figure fTHl 

Let Pa be the boundary between the active and non-active parts of i.e. [1, pa] is the active part 
AY, of and [pA, P + 1] is the non-active part NAT, of 17. 

Definition 4.8. For a pair {^l,H), we introduce the following notation 

(7) dA^iH) = ^ 

i=l 

(8) V'As(ff) - ~ 2dAs(ff), 

where cui is the set of all variable bases v for which either i/ or A(i/) belongs to the active part 

We call the number tpAj:{H) the excess of the solution H of the generalised equation il. 

Every item hi of the section belongs to at least two bases, each of these bases belongs to AE, 

hence tpA's{H) > 0. 

Notice, that if for every item hi of the section one has 7(/ii) = 2, for every solution H of 

the excess '4'ay,{H) = 0. Informally, in some sense, the excess of H measures how far the generalised 
equation f2 is from being quadratic (every item in the active part is covered twice). 
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Lemma 4.9. Let be a generalised equation such that every item hi from the active part AY^ ~ [IjPa] 
0/ il is covered at least twice. Suppose that D5(ri,-ff) = {fli,H^-^^) and the carrier base fi of Q and its 
dual A(/i) belong to the active part of Q. Then the excess of the solution H equals the excess of the 
solution H^'-l i.e. = V'As(i?'''^)- 

Proof. By the definition of the entire transformation D5, it follows that the word H^'''>[l,pQ. + 1] is a 
terminal subword of the word H[l, p+1], i.e. 

H[l,p+1]^ U,H^'\l, po. + 1], where p ^ pn- 

On the other hand, since /i, A(/x) e AE, the non-active parts of Vl and ^1; coincide. Therefore, H[pA, p + 
1] is the terminal subword of the word p^. + 1], i.e. the following graphical equality holds: 

H<^''^[l,pn,+l]=V,H[pA,p+l]. 

So we have 

(9) dA^{H) - dA^{H^% = \H[1,pa]\ - m = IC/.I = \H{p)\ - 

where, in the above notation, if fc = I3{p) — 1 (and thus p. has been completely eliminated in ri*-*-*), then 
= 1; otherwise, H^'\p) = [fc + 1, /3(m)]- 
From dHI and © it follows that iIjat.{H) = ipAT.iH^'''). □ 

D 6 : Identifying closed constant sections. Let A and p be two constant bases in n with labels a*^^ 
and a'^", where a g A^^ and e\ — e^, G {1,-1}. Suppose that the sections a{X) = [i,i + 1] and 
cr{p) — + 1] are closed. 

The transformation D 6 applied to Q results in a single generalised equation f2i which is obtained 
from in the following way, see Figure [T^ Introduce a new variable base rj with its dual A(ry) such 
that 

a{r,) = [i,i + ll (T(A(r?)) = + e{r,) = e^, e{A{Tj)) = e^. 

Then we transfer all bases from 77 onto A.(r]) using ET2, remove the bases 77 and A(7y), remove the item 
hi, re-enumerate the remaining items and adjust the relation iRx as appropriate, see Remark 14.41 

The corresponding homomorphism 9i : Gfl(n*) — > G^^o*) is induced by the composition of the 
homomorphisms defined by the respective elementary transformations. Obviously, 9i is an isomorphism. 



Lemma 4.10. Let Qi be a generalised equation and be a solution of fli so that 

ET : {n,H) or D : {fl, H) 

Then one has < \H\. Furthermore, in the case that ET = ET4 or D = D 5 this inequality is 

strict <\H\. 

Proof. Proof is by straightforward examination of descriptions of elementary and derived transforma- 
tions. □ 

Lemma 4.11. Let fli G {^i} ~ ET(r2) be a generalised equation obtained from Q by a derived trans- 
formation D and let 61 : ^R(ni) be the corresponding epimorphism. Then there exists a 
homomorphism 

01 : F[hi, . . . , Vi] ^[^1,- • ■ j/ipoj 
such that 61 induces an epimorphism 
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and the epimorphism 9i : Gj^(j2.) G_r(o*)- In other words, the following diagram commutes: 

'Gfl(n*) < P[hi, ■ ■ ■ ,hp^^] > i^ij(T*) 



< F[hi,...,hp^^] > Fr^ti) 

Proof. Follows by examining the definition of 6i for every derived transformation D 1 — D 6 and Lemma 
EM □ 



Lemma 4.12. Using derived transformations, every generalised equation can be taken to the standard 
form. 

Let Qi be obtained from Q by an elementary or a derived transformation and let be in the standard 
form. Then fii is in the standard form. 

Proof. Proof is straightforward. □ 

4.4. Construction of the tree T{il). In this section we describe a branching process for rewriting a 
generalised equation fl. This process results in a locally finite and possibly infinite tree T{Q). In the 
end of the section we describe infinite paths in T{U). We summarise the results of this section in the 
proposition below. 

Proposition 4.13. For a (constrained) generalised equation Q ~ ri„„ over ¥, one can effectively con- 
struct a locally finite, possibly infinite, oriented rooted at vq tree T, T = r(riu„), such that: 

(1) The vertices Vi of T are labelled by generalised equations over F. 

(2) The edges Vi Vi+i of T are labelled by epimorphisms 

Tr{vi,Vi+i) : G7j(o.^) — > Gjn^n^^^^y 

The edges Vk Vk+i, where Vk+i is a leaf of T and tp(vk+i) = 1, are labelled by proper 
epimorphisms. All the other epimorphisms 7r(ui,tii+i) are isomorphisms, in particular, edges 
that belong to infinite branches of the tree T are labelled by isomorphisms. 

(3) Given a solution H o/f2.u„, there exists a path ui and a solution i?*-'-* of il^^ 
such that 

TTH = 7r(uo,'yi) • • •7r(w;_i,u;)7r^(i). 

Conversely, for every path va vi ^ ■ ■ ■ ^ vi in T and every solution i?^'^ of ilu, the 
homomorphism 

■n{v(3, vi) ■ ■ - Trivial, vi)tthW 
gives rise to a solution of VL^^ . 

Definition 4.14. Denote by ua = nA{^) the number of bases in the active sections of Vl and by ^ the 
number of open boundaries in the active sections. 

For a closed section cr g I](r2) denote by n{a) the number of bases in a. The complexity of a 
generalised equation f2 is defined as follows 

comp = comp(r2) = max{0,rt((T) — 2}. 

Remark 4.15. We use the following convention. Let be a generalised equation. By a function of a 
generalised equation /(fi) we mean a function of the parameters n^(r2), ^(fi), pn and comp(il). 
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We begin with a general description of the tree T{Q) and then construct it using induction on its 
height. For each vertex v in T(ri) there exists a generalised equation fly associated to v. Recall, 
that we consider only formally consistent generalised equations. The initial generalised equation Q is 
associated to the root vq, = fl. For each edge v ^ v' there exists a unique surjective homomorphism 
Tr(v,v') : — > '^R(n',) associated to v ^ v'. 

If 

u — > Ul . . . — > u 

is a path in T(fl), then by 7r(w,u) we denote the composition of corresponding homomorphisms 

7r(w, u) — Tr{v, vi) ■ ■ ■ 7r(w<,, u). 

We call this epimorphism the canonical homomorphism from Gr^q') to 

There are two kinds of edges in T(fl): principal and auxiliary. Every edge constructed is principal, 
if not stated otherwise. Let v v' he an edge of T{Q), we assume that active (non-active) sections in 
f2t,' are naturally inherited from fly. If w ^ w' is a principal edge, then there exists a finite sequence of 
elementary and derived transformations from fly to flyi and the homomorphism tt{v,v') is a composition 
of the homomorphisms corresponding to these transformations. 

Since both elementary and derived transformations uniquely associate a pair {fli, H^^^) to (il, H): 

ET : {n,H) and D : {n,H) 

a solution H oifl defines a path in the tree T{fl). We call such a path the path defined by a .solution H 
in T. 

Let ri be a generalised equation. We construct an oriented rooted tree T{fl). We start from the root 
vq and proceed by induction on the height of the tree. 

Suppose, by induction, that the tree T{fl) is constructed up to height n, and let v he a vertex of 
height n. We now describe how to extend the tree from v. The construction of the outgoing edges from 
V depends on which of the case described below takes place at the vertex v. We always assume that: 
// the generalised equation fly satisfies the assumptions of Case i, then fly does not satisfy the 

assumptions of all the Cases j , with j < i. 

The general guideline of the process is to use the entire transformation to transfer bases to the right 
of the interval. Before applying the entire transformation one has to make sure that the generalised 
equation is "clean". The stratification of the process into 15 cases, though seemingly unnecessary, is 
convenient in the proofs since each of the cases has a different behaviour with respect to "complexity" 
of the generalised equation, see Lemma [4. 181 

Preprocessing. In fly^ we transport closed sections using D 2 in such a way that all active sections are 
at the left end of the interval (the active part of the generalised equation), then come all non-active 
sections. 

Termination conditions: Cases 1 and 2. 

Case 1: The homomorphism Tr(vo,v) is not an isomorphism, or, equivalently, the canonical homomor- 
phism tt{vi,v), where vi ^ v is an edge ofT{fl), is not an isomorphism. The vertex v, in this case, is 
a leaf of the tree T{fl). There are no outgoing edges from v. 

Case 2: The generalised equation fly does not contain active sections. Then the vertex v is a leaf of the 
tree T{fl). There are no outgoing edges from v. 

Moving constant bases to the non-active part: Cases 3 and 4- 

Case 3: The generalised equation fly contains a constant base A in an active section such that the section 
(t(A) is not closed. In this case, we make the section a(A) closed using the derived transformation D 1. 
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Case 4- The generalised equation Qy contains a constant base A such that the section cr(A) is closed. 
In this case, we transport the section 17(A) to CS using the derived transformation D2. Suppose that 
the base A is labehed by a letter a G A^^. Then we identify all closed sections of the type [i,i + 1], 
which contain a constant base with the label a^^, with the transported section (t(A), using the derived 
transformation D6. In the resulting generalised equation fl^i the section (t(A) becomes a constant 
section, and the corresponding edge {v,v') is auxiliary, see Figure fT2l (note that D 1 produces a finite 
set of generalised equations, Figure [T2l shows only one of them). 



ACTIVE SECTIONS NON-ACTWE SECTIONS ACTIVE SECTIONS NON-ACTIVE SECTIONS 




Figure 12. Cases 3-4: Moving constant bases. 



Moving free variables to the non-active part: Cases 5 and 6. 

Case 5: The generalised equation VL^ contains a free variable hq in an active section. Using D 2, we 
transport the section [g, q+V\ to the very end of the interval behind all the items of In the resulting 
generalised equation the transported section becomes a constant section, and the corresponding 
edge (y,v') is auxiliary. 

Case 6: The generalised equation contains a pair of matched bases in an active section. In this case, 
we perform ET3 and delete it, see Figure [T3l 
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Figure 13. Cases 5-6: Removing a pair of matched bases and free variables. 



Remark 4.16. If fl^ does not satisfy the conditions of any of the Cases 1-6, then the generalised 
equation Qy is in the standard form. 

Eliminating linear variables: Cases 7-10. 

Case 7: There exists an item hi in an active section of fly such that ji = 1 and such that both boundaries 
i and i -\- 1 are closed. Then, we remove the closed section [i, i -I- 1] together with the linear base using 
ET4. 
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Case 8: There exists an item hi in an active section of fit, such that — 1 and such that one of the 
boundaries i, i + I is open, say i + I, and the other is closed. In this case, we first perform ET5 and 
/Lt-tie i + 1 by tlie only base /i it intersects; then using ET 1 we cut fi in i + I; and then we delete the 
closed section [i,i + 1] using ET4, see Figure [Ml 



ACTIVE SECTIONS NON-ACTIVE SECTIONS ACTIVE SECTIONS NON-ACTIVE SECTIONS 




123456789 10 1234567 



Figure 14. Cases 7-8: Linear variables. 



Case 9: There exists an item hi in an active section of fly such that 7; — 1 and such that both boundaries 
i and i + I are open. In addition, there is a closed section cr such that a contains exactly two bases fii 
and IJL2, tr = o'(mi) = f(M2) fl'i'^ Mi,M2 is not a pair of matched bases, i.e. fii ^ A{i.i2); moreover, in 
the generalised equation Qy — D3(S1) all the bases obtained from /ii,/i2 by ET 1 when constructing fly 
from fly, do not belong to the kernel of Qy. In this case, using ET5 we /ii-tie all the boundaries that 
intersect /xi; using ET2, we transfer fi2 onto A(/ii); and remove /ii together with the closed section a 
using ET4, see Figure [TS] 

Case 10: There exists an item, hi in an active section of fly such that 7^ — 1 and such that both 
boundaries i and i + 1 are open. In this event we close the section [i,i + 1] using D 1 and remove it 
using ET4, see Figure [TCI 




Figure 15. Cases 9-10: Linear case. 



Tying a free boundary: Case 11. 

Case 11: Some boundary i in the active part of fly is free. Since the assumptions of Case 5 are not 
satisfied, the boundary i intersects at least one base, say, fi. 
In this case, we /x-tie i using ET5. 

Quadratic case: Case 12. 

Case 12: For every item hi in the active part of fly we have 7^ = 2. We apply the entire transformation 
D 5, see Figure UM 

Removing a closed section: Case 13. 



EQUATIONS OVER PARTIALLY COMMUTATIVE GROUPS 

ACTIVE SECTIONS NON-ACTIVE SECTIONS 



53 





'K2 




1 A(v) 






1 


A(l,)| 








V 


A(^,) 






a 








? ^ ' 


1 ^ f ^ 1 





12 3 4 

kCTIVE SECTIONS 



5 6 7 8 9 

non-Active sections 



1 \ 


^2 


^3 




A(v) 




1 


A(X^i 






V 


1 











3 4 



5 6 7 




Figure 16. Case 12: Quadratic case, entire transformation. 

Case 13: For every item hi in the active part of fJ^ we have 7^ > 2, and > 2 for at least one item 
hi' in the active part. Moreover, for some active base /i the section a(^) is closed. In this case, using 
D2, we transport the section (T(/i) to the beginning of the interval (this makes /i a carrier base). We 
then apply the entire transformation D5 (note that in this case the whole section cr{p) is removed). 

Tying a boundary: Case 14- 

Case 14: For every item hi in the active part of Qy we have "fi > 2, and jii > 2 for at least one item 
hi' in the active part. Moreover, some boundary j in the active part touches some base X, intersects 
some base /i, and j is not jjL-tied. In this case, using ET5, we /x-tie j. 

Ceneral case: Case 15. 

Case 15: For every item hi in the active part of we have 7^ > 2, and 7^' > 2 for at least one item 
hii in the active part. Moreover, every active section a{fi) is not closed and every boundary j is pL-tied 
in every base it intersects. We first apply the entire transformation D5. Then, using ET5, we /i-tie 
every boundary j in the active part that intersects a base ^ and touches at least one base. This results 
in finitely many new vertices connected to v by principal edges. 

If, in addition, satisfies the assumptions of Case 15.1 below, then besides the principal edges 
already constructed, we construct a few more auxiliary edges outgoing from the vertex v. 

Case 15.1: The carrier base fj, of the generalised equation intersects with its dual A(/i). We first 
construct an auxiliary generalised equation Qy (which does not appear in the tree T{n)) as follows. 
Firstly, we add a new constant section [pn„ + 1,PJ2„ + 2] to the right of all the sections in Qy (in 
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particular, hp^^+i is a new free variable). Secondly, we introduce a new pair of dual variable bases 
A, A(A) so that" 

a{X) = 1, /3(A) = /3(A(m)), a(A(A)) = po„ + 1, /3(A(A)) = pn„ + 2. 

Notice that fit, can be obtained from 0„ if we apply ET 4 to fly and delete the base A(A) together with 
the closed section [py + 1, pv + 2]. Let 

be the isomorphism induced by ET 4. The assumptions of Case 15 still hold for ^ly. Note that the carrier 
base of fly is the base A. Applying the transformations described in Case 15 to fly (first D5 and then 
ET5), we obtain a set of new generalised equations {flyi \ i — 1, . . . ,n} and the set of corresponding 
epimorphisms of the form: 

Now for each generalised equation fly', we add a vertex v[ and an auxiliary edge v — s- v[ in the 
tree T{fl). The edge u — > is labelled by the homomorphism 7r(w,Wj') which is the composition of 
homomorphisms 0y' and tTj,, tt{v,v[) = TTy<f>yi . We associate the generalised equation fly' to the vertex 

^^ " " 

The tree T{fl) is therefore constructed. Observe that, in general, T{fl) is an infinite locally finite 
tree. 

If the generalised equation fly satisfies the assumptions of Case ?(!<?< 15), then we say that the 
vertex v has type i and write tp(w) = i. 

Lemma 4.17. For any vertex v of the tree T{fl) there exists an algorithm to decide whether or not v 
is of type k, fc = 1, . . . , 15. 

Proof. The statement of the lemma is obvious for all cases, except for Case 1. 

To decide whether or not the vertex v is of type 1 it suffices to show that there exists an algorithm 
to check whether or not the canonical epimorphism 7r(w,u) associated to an edge t; — > u in T(fl) is a 
proper epimorphism. This can be done effectively by Lemma 14.51 □ 

Lemma 4.18 (cf. Lemma 3.1, }Raz87j ). Let u ~* v be a principal edge of the tree T{fl). Then the 
following statements hold. 

(1) If tp{u) ^ 3, 10, then nA{fly) < nA{flu), moreover if tp{u) — 6,7,9, 13, then this inequality is 
strict; 

(2) //tp(u) 10, then nA(fly) < UA^flu) + 2; 

(3) Iftp{u) < 13 and tp(u) 7^ 3, 11, then C{flv) < ^{flu); 

(4) Iftp{u) 3, then comp(57t,) < comp{flu). 

Proof. Straightforward verification. □ 

The following lemma gives a description of the infinite branches in the tree T(fl). 
Lemma 4.19 (cf. Lemma 3.2, |Raz87j ). Let 

(10) Vo ^ Vi ^ . . . ^ Vr ^ . . . 

be an infinite path in the tree T(fl). Then there exists a natural number N such that all the edges 
Vn Vn+i of this path with n > N are principal edges, and one of the following conditions holds: 

(A) linear case: 7 < tp{vn) < 10 for all n > N; 

(B) quadratic case: tp(v„) = 12 for all n > N; 

(C) general case: tp(?j„) = 15 for all n > N. 
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Proof. Firstly, note that Cases 1 and 2 can only occur once in the path (fTO|) . 

Secondly, note Cases 3 and 4 can occur only finitely many times in the path (fTO|) . namely, at most 2t 
times where t is the number of constant bases in the original generalised equation fl. Therefore, there 
exists a natural number A^i such that tp(wi) > 5 for all i > Ni. 

Now we show that the number of vertices Vi {i > N) for which tp(wi) = 5 is bounded above by the 
minimal number of generators of the group Gi^(T*), in particular, it cannot be greater than p+l + \ A\, 
where p = pr- Indeed, if a path from the root vq to a vertex v contains k vertices of type 5, then T„ 
has at least k free variables in the non-active part. This implies that the coordinate group Gfl(x*) has 
the free group of rank fc as a free factor, hence it cannot be generated by less than k elements. Since 
Tr'{vo,v) : Gi?(T') — * ^J-R(T*) is a surjective homomorphism, the group G_r(t*) cannot be generated by 
less then k elements. This shows that k < p + 1 + \A\. It follows that there exists a number iV2 > A^i 
such that tp(vi) > 5 for every i> N2- 

Since the path (|10p is infinite, by Lemma 14.181 we may assume that for every i,j > one has 
comp(ri„. ) = comp(rii,^. ), i.e. the complexity stabilises. 

If Vi — > Vi+i is an auxiliary edge, where i > N^, then tp(ui) — 15 and Qy. satisfies the assumption 
of Case 15.1. In the notation of Case 15.1, we analyse the complexity of the generalised equation flvi^i 
obtained from f2„. . As both bases p and A(/i) are transferred from the carrier base A of fly. to the 
non-active part, so the complexity decreases by at least two, i.e. comp(f2t,^^j^) < comp(r2^. ) — 2. Observe 
also that comp^fly.) — comp(Oi,.) -I- 1. Hence comp(r2^.^j) < comp(D,y.) , which derives a contradiction. 
Hence, if i > Nt, the edge Vi —> Vi+i is principal. 

Suppose that i > N3. If tp(i;i) = 6, then the closed section containing the matched bases p, A(/i), 
does not contain any other bases (otherwise comp(r2„.^j) < comp(J7„.)). But then tp(fi+i) — 5 deriving 
a contradiction. We therefore get that for all i > N3 one has tp{vi) > 6. 

If tp{vi) — 12, then it is easy to see that tp(ui+i) = 6 or tp(wi_(-i) = 12. Therefore, ii i > we get 
that tp(wi+i) — tp(wi+2) = • • • = tp(ui+j) = 12 for every j > and we have case (B) of the lemma. 

Suppose that tp(t;i) 7^ 12 for all i > N3. 

Notice that the only elementary (derived) transformation that may produce free boundaries is ET 3 
and that ET3 is applied only in Case 6. Since for i > we have tp(wi) > 7, we see that there are no 
new free boundaries in the generalised equations fly- for i > N3. It follows that there exists a number 
^4 > ^3 such that tp{vi) ^ 11 for every i > N4. 

Suppose now that for some i > N4, 13 < tp('i;i) < 15. It is easy to see from the description of Cases 
13, 14 and 15 that tp(i;i+i) G {6, 13, 14, 15}. Since tp(wi+i) 7^ 6, this imphes that 13 < tp{vj) < 15 for 
every j > i. Then, by Lemma 14.181 we have that nA{flyj) < nA{flvN^)i for every j > N4. Furthermore, 
if tp(t;j) = 13, then nA{flyj^i) < nAiflvj)- Hence there exists a number N5 > N4 such that tp(i;j) 7^ 13 
for aU j > N5. 

Suppose that i > N^,. Note that there can be at most 8(n^(ilt,.))^ vertices of type 14 in a row 
starting at the vertex Vi, hence there exists j > i such that tp{vj) = 15. From the description of Case 
15 it follows that tp{vj+i) 7^ 14, thus tp(wj+i) — 15, and we have case (C) of the lemma. 

Finally, we are left with the case when 7 < tp(tii) < 10 for all the vertices of the path. We then have 
case (A) of the lemma. □ 



Remark 4.20. Let 

^ iny,,H^'^) ^ ... ^ {ny„H^'^) 

be the path defined by the solution iJti). Iftp(wi) e {7, 8, 9, 10, 12, 15}, then by LemmaEIOl \H'-^+^^ \ < 
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5. Minimal solutions 

In this section we introduce a reflexive, transitive relation on the set of solutions of a generalised 
equation. We use this relation to introduce the notion of a minimal solution with respect to a group 
of automorphisms of the coordinate group of the generalised equation. In the end of the section we 
describe the behaviour of minimal solutions with respect to the elementary transformations. 

Let u and v be two geodesic words from G. Consider the product uv of u and v. The geodesic uv of 
the element uv can be written as follows uv = u\ ■ V2, where u = uid~^, v = dv2 and d is the greatest 
(left) common divisor of u^^ and v (in the sense of |EKR05| V Notice that if the word uv is not geodesic, 
then it follows that d is non-trivial. We call d the cancellation divisor of u and v and we denote it by 
CB{u,v). 

Definition 5.1. Let G{AU B) be a partially commutative G-group, let 17 be a generalised equation 
with coefficients from {AUB)'^^ over the free monoid F(^^^ U B^^). Let £(fi) be an arbitrary group of 
G-automorphisms of 'K(-4U ■^)VA/]^(^Q*y For solutions H^^'> and iJ*^^' of the generalised equation O we 

write <e:(o) H'^'^^ if there exists a G-endomorphism tt of the group G{AyjB) and an automorphism 
a S £(17) such that the following conditions hold: 

(1) 7r^(2) = a-Kjj(i)-K] 

(2) for any fc, j, I < k, j < p, if the word (iJ^ ') {Hj ') , e, (5 G {1, —1}, is geodesic as written, then 

(1) ^ (1) ^ 

the word {Hj;. ') {Hj ') is geodesic as written; 

(2) ^ (1) ^ 

(3) for any k,j, I < k,j < p such that the word (iJ^ ') (iJj ') , e, ^ e {1,-1}, is not geodesic, if 
,11) Ay,n{„.X"|a.aM.divi.„,„fCD(,0-.<))' 

(2) (2) (1) ^ (1) ^ 

for some J = {H^^ , ■ • • , H-^ }, then either the word {Hj^ ) (iJj ) is geodesic as written or 
,1.) A,r,n{„e.4"|„..a«tdiv.»,ofCD(,<,',K')' 

where J' ^ {H^^\ . . . , H^^^}. 

Obviously, the relation '<c(n)' is transitive. We would like to draw the reader's attention to the fact 
that the relation H <c{n) H' does not imply relations on the lengths of the solutions H and H' . 
The motivation for property ([3]) in the above definition is the following lemma. 

Lemma 5.2. Let G(^ U B) he a partially commutative G-group, let be a generalised equation 
with coefficients from {A U B) over the free monoid W{A^^ U B^^). Let e:(rj) be an arbitrary 
group of G-automorphisms of '^^"^ ^Vi?(i7*) '^"■'^ i?*-^-* and H^"^^ be two solutions of the gen- 
eralised equation 17 such that H^^^ "^£(0) H^'^K Then for any word W{xi, . . . , Xp) £ F{xi, . . . , Xp) 

(2) (2) 

such that the W{Hl \. . . , H), ') is geodesic as written {treated as an element ofG{ALI B)), the word 
W{h[^\ . . . , H^'fp) is geodesic as written {treated as an element of G{A U B)). 

Proof. We use induction on the length of W. If \W\ = 1, then the statement follows, since by the 
definition of a solution of the generalised equation, the words (i/j^^)^-'^ and (_ffj^^)^^ are both geodesic. 

Let W{xi, . . . ,Xp) = x^il ■ ■ ■ , Ei € {—1,1}, 1 < i < n -I- 1, be a word such that 
W{h[^\ . . . , Hp'^^) is geodesic and assume that W{h[^\ . . . , Hp^^) is not geodesic. By induction 
hypothesis, the word Wn{H''^'>) = H^^^ ■ ■ ■ H^^^ is geodesic. Consider the cancellation divisor 



D = CD ^IV„(i?(^^), ^ y Analogously, by induction hypothesis, the word 



^2 In+I 
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is geodesic. Using the fact that the word WniH^^^^) is geodesic, we get that the cancellation divi- 
sor CD ( i/j^ ^-^h ' ' ' +1 ) i&ct, Z), and, in particular, no left divisor of the word 



H^^^^^ ■ ■ ■ H^^^"" left-divides D. We thereby have that 

(a) on one hand, the word iJ^^ D is not geodesic and. 



(b) on the other hand, by Proposition 3.18 of [EKROSj . that D ^ H^^^"^ ■ ■ ■ Hl'^f 
From (a) we get that the word H^^^ Hi^^ ^ ^ is not geodesic, and thus by property ([2]) from 
Definition 1 5. 5 ( it follows that the word H^^ i ^'^^ geodesic. 

From (b) and the fact that the word • • • iJ; is geodesic, we have that D e A(77; ) for every 

i = 2, . . . ,n. It follows that Equation p2| fails for the set J' — {H^^ , . . . , H^^^^} and thus Equation pTjl 

f2l (2.) (2,^^^ (2.) ^n + i 

fails for the set J — {H^^ ' , . . . ,H\ This derives a contradiction with the fact that H^^ ' ■ ■ ■ H\ ' ^ 

is geodesic, since there exists a letter a e A such that a is a divisor of CD ( iJ^^ , HI |^ 1 and 
aeA(J). □ 

Lemma 5.3. Let the generalised equation fii he obtained from the generalised equation 17 hy one of the 
elementary transformation ET 1 — ET 5, i.e. Q,i S ETi(r2) for some i = 1, . . . , 5. Let H he a solution 
of f2 and H'^^^ he a solution of fii so that the following diagram commutes 

G_R(o.) ^ ^^(n*) 




Let H^^^~^ he another solution of so that H^^^^ '~^€{n) H^^\ where C(rj) is arbitrary. The p-tuple 
of geodesic words ofG defined hy the homomorphism t:h+ = (^'^hw+ ^ solution of the generalised 
equation fl. 

Proof. Proof is by examination of the definitions of elementary transformations. We further use the 
notation introduced in the definitions of elementary transformations. 

Suppose first that fli is obtained from fl by ETl. Since, in this case, ~ i?'^'^, we have that 
is a tuple of non-trivial geodesic words in G. The elementary transformation ET 1 is invariant on 
all the bases but the pair A, A(A). Therefore, we are left to prove that the words H^{X) and i/+(A(A)) 
are geodesic and that the equality H'^{XY''^^ — H'^ {A{X)Y'"'^^^^'' is graphical. 

Since H{\) = H(^)[a(Ai), ;5(A2)] is a geodesic word and iJ^^' <£(n) by Lemma [Ol it follows 

that H'^{X) ~ H'^^^ [q;(Ai), /3(A2)] is geodesic. Similarly, _ff+(A(A)) is also geodesic. Since i?'^' is a 
solution of r^i, we have that 

ij(i) + (A,) =i/(i) (A(A,)) , where i = 1,2. 

From the equalities 

i/+(A) =i/(i) + (Ai)i/(i' + (A2) and i/+(A(A)) = H«''(A(Ai))i7(i)^(A(A2)), 

and the fact that the words H^(X) and _ff+(A(A)) are geodesic, we obtain that the equality _ff+(A)^*''^'' = 

iJ+(A(A))'^'^^^" is graphical. 

The other cases are similar and left to the reader. □ 
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Definition 5.4. Let be a generalised equation in p variables and let H he & solution of il. Consider 
a 2p X 2/9 matrix {'nii-^.i^)^ 1 < ii,i2 < 2p constructed by the solution H in the following way. The 
elements rui-^^i^ of the matrix are 2^ + 1-vectors with entries from the set {0, 1}. We enumerate (in an 
arbitrary way) the set x{{Hi, ■ ■ ■ , Hp}) of all subsets of {Hi, . . . , Hp}. Abusing the notation, in this 
definition if ii > p, then by Hi^ we mean Hi^^p~^ . 

The vector rrii-^^i^ has all of its components equal to if and only if the word Hi-^Hi^ is geodesic as 
written. The first component of the vector rrii-^^i^ equals 1 if and only if the word Hi-^Hi^ is not geodesic. 
The ^-th component of rrii^A^ equals 1, ^ > 1, if for the I — 1-th set J of x{{Hi, . . . , Hp}) Equation (fTTj) 
is satisfied. Otherwise the Z-th component of rrii-^^i^ equals 0. 

We call the matrix (mi^.i^), 1 < ?i,i2 < 2p the cancellation matrix of the solution H. 

Definition 5.5. A solution iJ of 17 is called minimal with respect to the group of automorphisms £(12) 
if there exist no solutions H' of the generalised equation Vl so that H' <t{n) H and < \Hk\ for all 
k, k = 1, . . . ,p and \H'j \ < \Hj \ for at least one j, I < j < p. 

Since the length of a solution H is a positive integer, every strictly descending chain of solutions 

H >c(n) H^^^ >g;(o) • • • >e{n) H^^^ >e{n) ■ ■ ■ 
is finite. It follows that for every solution H oi VL there exists a minimal solution iJ+ such that 
H+ <£(o) H. 

Remark 5.6. Note that given a solution H, there exists a minimal solution H' (perhaps more than one) 
so that H' <it({-i) H . Furthermore, there may exist minimal solutions H' and iJ+ so that H' -^^in) H^ 
and i7+ 1^iz(n) H' . In this case one has < for some I < k < p and > \H^\ for some 

1 < J < 

Remark 5.7. Note that every generalised equation fl with coefficients from G can be considered as 
a generalised equation fl' with coefficients from (G{A U B) for any partially commutative G-group 
G{AU B). Therefore, any solution iJ of 17 induces a solution H' of 17' such that the following diagram 
commutes: 



G^^ ^ G{A\JB) 

A solution _ff of 17 is minimal if so is any induced solution H' . 

The reason for extending the generating set from ^ to .4 U B in the definition above, becomes clear 
in the proof of Lcmma l6.19l 



Lemma 5.8. Let the generalised equation 17i be obtained from the generalised equation 17 by one of 
the elementary transformation ET 1 — ET5, i.e. 17i G ETi(17) for some i = 1, ... ,5 and assume that 
G/j(f2*) is isomorphic to G/j(f7.). Let H be a solution of Q and H'^^^ be a solution o/ 17i so that the 
following diagram commutes 




G 



If H is a minimal solution of Q with respect to a group of automorphisms € o/Gfl(o»), then H^^^ is a 
minimal solution o/17i with respect to the group of automorphisms 9^^€9. 
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Proof. Assume the converse, i.e. H'^^'> is not minimal with respect to 9^^€9. Then there exists a solution 
of r^i so that <e-^ce H^^\ \H'^^^t\ < \Hj^^\ for aU k and \H^^^^\ < \H^^'>\ for some j. 

Let H'^ be a solution of the system of equations il* so that 7r^+ = 611^^1^ + . By Lemma FS-Si H'^ is 
a solution of SI. 

By Lemma [5.21 condition ^ from Definition 15.11 holds for the pair and H. We now show that 

H and derive a contradiction with the minimality of H . 
We now show that condition ^ from Definition 15.11 holds . Assume that for the pair , H'^ the 

word Hj^'Hj'^ is not geodesic and that there exists a set J' — {Hf^, ■ ■ • , ^tt^ such that Equation ([T^ 
fails, i.e. there exists a set J' and a letter a £ A^^ such that a £ A(J') and a is a left divisor of 
CD{H+\H+ ). Without loss of generality, we further assume that e,5 = 1. Write Hj^ and as 

words in the ' 's: 

It follows that a is a left divisor of CD ( HI J^ , H'. J ] for some m and n, and that 

Therefore, Equation fails for the solution ii^^'^ and the set J^^^ , where the set J^'^^ is 

a union of words H^^'' that appear in the decomposition of a word e J' and the set 

{H^^l^^, . . . , H^^ll^^ , H^ll^^'^ , . . . , iif.f ^}. Since <e-i(>:0 i?^^', by condition §1 from Definition 

15.11 Equation pT|) fails for the solution ff'^-'^) and the corresponding set J^^\ i.e. there exists a letter 



6 e such that b £ A( J(i)) and 6 is a left divisor of CD ( H^^'' iff ^ 



Since b ^ . . . , H^/J_^, H^^^+i^ ■ ■ ■ ' ^fel^i' get that 6 is a left divisor of CD(ii|, iff). Further- 

more, since b ^-commutes with the words -ffj^^^'s that appear in the decomposition of a word Hi^ £ J 
(where J is the set corresponding to J'), we get that b £ A{J). It follows that Equation (jlip fails for 
the solution H and the set J. Hence, condition ([3]) from Definition 15.11 holds for the solutions H and 
H+. 

Furthermore, by condition ([T]) from Definition 15. 11 we have tt^ci) = d^^'ip0Tr^^i) + , where ^p £ hence 
"^H = '4'T^H+: and thus condition ([T]) from Definition 15 . 1 1 holds for the pair and H. We thereby have 
proven that <it H. 

Finally, since H, ^ w.iH'^^^), H+ ^ w,{H^^^^) and {H'^^^^l < \Hk^\ for aU k and \H'^^^'^\ < \H^^'>\ 
for some j, we get that \H'^\ < \Hk\ for all k and < \Hi\ for some /, contradicting the minimality 
of H. □ 



6. Periodic structures 

Informally, the aim of this section is to prove the following strong version of the so-called Bulitko's 
Lemma, |Bul70| : 

Applying automorphisms from a finitely generated subgroup of the group of automor- 

phisms of the coordinate group to a periodic solution either one can bound the expo- 

nent of periodicity of the solution {regular case, see Lemma l6.20l) . or one can get a solution 
of a proper equation (strongly singular case, see Lemma l6.17^ and singular case, see Lemma 

EM- 
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Above, by a solution of a proper equation we mean a homomorphism from a proper quotient of the 
coordinate group of ft to G. 

This approach for free groups was introduced by A. Razborov. In JRaz85], he defines a combinatorial 
object, called a periodic structure on a generalised equation Q and constructs a finite set of generators 
for the group 2l(ri). 

In Section 16.21 we give an example that follows the exposition of Section 16.11 We advise the reader 
unfamiliar with the definitions, to consult this example while reading Section [6. II 

6.1. Periodic structures. We fix till the end of this section a generalised equation il — (Tj'Str) in 
the standard form. Suppose that some boundary k (between hk-i and hk) in the active part of il does 
not touch bases. Since the generalised equation f2 is in the standard form, the boundary k intersects 
at least one base /i. Using ET5 we /i-tie the boundary k. Applying D3, if necessary, we may assume 
that the set of boundary connections in Q is empty and that each boundary of touches a base. 

A cyclically reduced word P in G is called a period if P is geodesic (in G) and is not a proper power 
treated as an element of the ambient free monoid. A word w is called P-periodic if w is geodesic (treated 
as an element of G), |w| > |P| and, w is a subword of P" for some n. Every P-periodic word w can be 
presented in the form 

(13) w = Q''Qi 

where Q is a cyclic permutation of P^^, r > 1, Q ^ Q1Q2 and Q2 7^ 1. The number r is called the 
exponent of w. A maximal exponent of a P-periodic subword in a word w is called the exponent of 
P -periodicity of w. We denote it by exp(w). 

Definition 6.1. Let f2 be a generalised equation in the standard form. A solution H = {Hi, . . . , Hp) 
of f2 is called periodic with respect to a period P, if for every closed variable section cr of 17 one of the 
following conditions holds: 

(1) H{a) is P-periodic with exponent r > 2; 

(2) \Hia)\ < |P|; 

(3) iJ(cr) is A-periodic and \A\ < |P|; 

Moreover, condition ^ holds for at least one closed variable section a of il. 

Let H he a. P-periodic solution of il. Then a section a satisfying condition ^ of the above definition 
is called P-periodic (with respect to H). 

The following lemma gives an intuition about the kind of generalised equations that have periodic 
solutions. 

Lemma 6.2. Let fl be a generalised equation such that every closed section CTi of is either constant 
or there exists a pair of dual bases fXi, A(/Xi) such that /i^ and A(/ii) intersect but do not form a pair 
of matched bases, and Ui = [a(/ii), /?(A(/ii))]. Let H be a solution of fl. Then there exists a period P 
such that H is P-periodic. 

Proof. Consider a section a — [a{^), j3{A{fi))]. The boundary ii = Q!(A(/i)) intersects the base /z, 
since the bases ^ and A(/j,) overlap. We /x-tie the boundary ii, i.e. we introduce a boundary connection 
(zi, /i, 12) in such a way that H is a solution of the generalised equation obtained. It follows that ii < Z2. 

Repeating this argument, we obtain a finite set of boundaries ii < ■ ■ ■ < ik+i, k > 1 such that 
ii, . . . , ifc do and ik+i does not intersect /i, there is a boundary connection {ij, ^, ij+i) for all j = 1, . . . , A: 
and H induces a solution of the generalised equation obtained. This set of boundaries is finite, since 
the length of the solution H is finite. 

Let H[a{fj,),ii] = w, w = A\ where I > 1 and A is a period. Then the section a is A-periodic. 
Indeed, 

a ^ [a{fi),ii] U [ii, 12] U • • • U [ife, ifc+i] U [z^+i, /3(A(/i))]. 
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Using the boundary equations, we get that 

h[a{fj,),ii] = h[ii,i2] = • • • = h[ik,ik+i] and h[ik+i, l3{A{^j,))] ^ /3(/i)], 

thus H{a) = A'-C^'+i) • Ai, where A ^ A1A2. 

Set P — Aj, where \ Aj\ — niax{|^i| | is ^j-periodic}. By definition, H is P-periodic. □ 

i 

Below we introduce the notion of a periodic structure. The idea of considering periodic structures 
on Q is to subdivide the set of periodic solutions into subsets so that any two solutions from the same 
subset have the same set of "long items" , i.e. P-periodic solutions that factor through the generalised 
equation Q and a periodic structure {V, R) on satisfy the following property: 

h,eV if and only if > 2|P|. 

One can regard Lemma 16.51 below as a motivation for the definition of a periodic structure. 

Definition 6.3. Let J7 be a generalised equation in the standard form without boundary connections. 
A periodic structure on f2 is a pair (7-',i?), where 

(1) P is a non-empty set consisting of some variables hi, some variable bases /Lt, and some closed 
sections a from VH such that the following conditions are satisfied: 

(a) if hi e V and hi e /z, then ^ G P; 

(b) if /i e P, then A(^) e P; 

(c) if /i e P and /i G cr, then cr e P; 

(d) there exists a function X mapping the set of closed sections from P into {—1, -1-1} such that 
for every (Ji,(T2 € P, the condition that G cti and A(/j,) S 172 implies e(/Lt) • e{A{^)) — 

(2) R is an equivalence relation on a certain set B (defined in (e)) such that condition (f) is satisfied. 

(e) Notice, that for every boundary I belonging to a closed section in P either there exists a 
unique closed section cr{l) in P containing I, or there exist precisely two closed sections 
o'ieft(0 = fright = in V Containing I. The set of boundaries of the first type we 
denote by i3i, and of the second type by 82- Put 

6 = 61 U {/loft, bright \leB2} 

here l\eit,kight are two "formal copies" of I. We will use the following agreement: for any 
base /i if S B2 then by a(/i) we mean a(/i)right and, similarly, if /3(/i) S B2 then by 
(3{fi) we mean P{p)icft- 

(f ) If fie r then 

a(/x) a(A(Ai)), ^{fi)^R/3{A{p)), if £(m) = £(A(Ai)); 
a{fi) PiAifi)), (3{fi)^na{A{fi)), if £(m) = -e(A(^)). 

Remark 6.4. For a given generalised equation 57, there exists only finitely many periodic structures 
on fl, and all of them can be constructed effectively. Indeed, every periodic structure (P, R) is uniquely 
defined by the subset of items, bases and sections of that belong to P and the relation ^r. 

Now we will show how to a P-periodic solution H oi one can associate a periodic structure 
'P{H,P) = (P,-R) on fi. We define P as follows. A closed section cr is in P if and only if a is P- 
periodic. A variable hi is in P if and only if /i^ G cr for some a E V and \Hi\ > 2\P\. A variable base 
is in P if and only if either fj, or A(/i) contains an item hi from P. 

Put j]) = ±1 depending on whether in (fT3|) the word Q is conjugate to P or to P^^. 

Now let [i,j] G P and i < I < j- Then one can write P ^ P1P2 in such a way that if j]) = 1, 
then the word H[i,l] is the terminal subword of the word {P°°)Pi, where P°° is the infinite word 
obtained by concatenating the powers of P, and H[l,j] is the initial subword of the word P2{P°°); and 
if ^"([1, j]) = —1, then the word H[i,l] is the terminal subword of the word {P^^)°° P2^ and H[l,j] is 
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the initial subword of ^{P ^)°° . By Lemma 1.2.9 [Ad75j . the decomposition P = P1P2 with these 
properties is unique; denote this decomposition by S{1). We define the relation R as follows: 

^1 h if and only if 5{li) = 5{l2)- 

Every periodic solution iJ of SI induces a periodic structure P) on fl. 

Lemma 6.5. Let H be a periodic solution offl. Then V{H,P) is a periodic structure on 17. 

Proof. Let V{H^P) = {V.R). Obviously, V satisfies conditions (a) and (b) from Definition 16.31 

We now prove that V satisfies condition (c) from Definition 16.31 Let ji ^ V and ^ e There 
exists an item hk G V such that hk G fi or hk € A(/i). If hk G /i, then, by construction, [i,j] G V. 
If hk G A(/i) and A(/i) G then [i',j'] G V, and hence, the word i/(A(/i)) can be written 

in the form Qi, where Q Q1Q2 is a cyclic permutation of the word P^^ and r' > 2. Since 
\H[i,j]\ > \H{iJ,)\ = \H{A{fi))\ > 2\P\ and from Definition [Q it follows that [i,j] is an ^-periodic 
section, where \A\ < \P\. Then == B'^Bi, where i? is a cyclic permutation of the word A^^ , 

\B\ < \P\, B = B1B2, and s > 0. From the equality Hifif'-''^ = 77(A(/i))^^'^^''^^ and Lemma 1.2.9 
[Ad75j it follows that B is a cyclic permutation of the word Q^^ . Consequently, ^ is a cyclic permutation 
of the word P^^ . Therefore, is a P-periodic section of O with respect to H, in other words, the 
length of H[i,j] is greater than or equal to 2\P\ and so [i,j] G V. 

If G [n, ji], A(^) G [«2,J2] and n eV, then the equality e{fi) ■ £(A(/i)) = X{[ii,ji]) ■ X{[i2,j2]) 
follows from the fact that given A^Ai = B'^Bi and r,s > 2, the word A cannot be a cyclic permutation 
of the word B~^, hence condition (d) of Definition 16.11 holds. 

Since H{fif'^^^ = H{A{ii)Y^^'^''^\ bom Lemma 1.2.9 in [IH75] it follows that condition (f) also holds 
for the relation R. □ 

Remark 6.6. Now let us fix a non-empty periodic structure ("P, R) on a generalised equation il. Item 
(d) of Definition 16.31 allows us to assume (after replacing the variables hi, . . . ,hj-i by h~\, . . . ,h^^ on 
those closed sections [i,j] G P for which ^"([1,^']) = —1) that e{p) = 1 for all n gV. Therefore, we may 
assume that for every item hi, the word Hi is a subword of the word P°°. 

The rest of this section is devoted to defining the group of automorphisms 21(17). The idea is as 
follows. We change the set of generators h of the coordinate group Gfl(n*) by x and we use the new set 
of generators to give an explicit description of the generating set of the group of automorphisms 21(17). 

To construct the set of generators x of GiR(n»), the following definitions are in order. We refer the 
reader to Section [6.21 for an example. 

Definition 6.7. We construct the graph T of a periodic structure {V,R). The set of vertices V{T) of 
the graph F is the set of i?-equivalence classes. For a boundary k, denote by (k) the equivalence class 
of the relation R to which it belongs. For each variable hk that belongs to a certain closed section from 
V, we introduce an oriented edge e G E{T) from (fc) to (fc -|- 1), e : {k) (fc -I- 1) and an inverse edge 
: (fc+ 1) (fc). We label the edge e by h{e) = hk (correspondingly, h{e~^) — h^^). For every path 
p = el^ . . . e^- in the graph F, we denote its label by /i(p), /i(p) = /i(e^^) . . . hie^), ei, • ■ ■ , G {1, -1}. 

The periodic structure (P, i?) is called connected, if its graph F is connected. 

Let {T',R) be an arbitrary periodic structure of a generalised equation 17. Let Fi,...,Fr be the 
connected components of the graph F. The labels of edges of the component F^ form (in the generalised 
equation 17) a union of labels of closed sections from V . Moreover, if a base fi G V belongs to a section 
from V, then its dual A(/Lt), by condition (f) of Definition 16.31 also belongs to a section from V. Define 
Vi to be the union of the following three sets: the set of labels of edges from F^ that belong to V, closed 
sections to which these labels belong, and bases fj, G P that belong to these sections. Define Ri to be 
the restriction of the relation R to Vi- We thereby obtain a connected periodic structure {Vi, Ri) whose 
graph is F^. 
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We further assume that the periodic structure (T', R) is connected. 

Let F be the graph of a periodic structure {V, R) ~ V{H, P) and let p — e^i . . . be a path in F, 
/i(p) be its label, /i(p) — h{el^) . . . h{eY), ei, • ■ ■ , G {1, -!}• To simplify the notation we write H{p) 
instead of H{h{p)). 

Lemma 6.8. Let H be a P-periodic solution of a generalised equation fl, let {V,R) = 'P{H,P) he a 
periodic structure on Q. and let c he a cycle in the graph F at the vertex (l), S(l) = PiP2- Then there 
exists n G Z such that H{c) = {PzPi}"'- 

Proof. If e is an edge v ^ v' in the graph F, and P = P1P2, P = P1P2 ^''^^ decompositions 
corresponding to the boundaries from {v) and {v') respectively. Then, obviously, H{e) — P2P"'''P{, 
Uk E Z. The statement follows if we multiply the values H{e) for all the edges e in the cycle c. □ 

Definition 6.9. A generalised equation Q is called periodised with respect to a given periodic structure 
{P,R), if for every two cycles Ci and C2 based at the same vertex in the graph F, there is a relation 
[h{ci), h{c2)] = 1 in G/j(X')- Note that, in particular [h{ci), h{c2)] = 1 in 

Let Sh = Sh(F) = {e e E{T) \ h{e) i P} and /i(Sh) = {h{e) \ e e Sh}. 

Let Fq = {V{T), Sh(F)) be the subgraph of the graph F having the same set of vertices as F and the 
set of edges E(Tq) — Sh. Choose a maximal subforest Tq in the graph Fq and extend it to a maximal 
subforest T of the graph F. Since the periodic structure {P, R) is connected by assumption, it follows 
that T is a tree. Fix an arbitrary vertex vr of the graph F and denote by p(wr, v) the (unique) path in T 
from Vr to v. For every edge e : v v' not lying in T, we introduce a cycle Ce = p(wr, v)e{p{vr, v'))~^ . 
Then the fundamental group 7ri(F,i;r) is generated by the cycles Ce (see, for example, the proof of 
Proposition in.2.1, [LS77| ). This and the decidability of the universal theory of G imply that the 
property of a generalised equation "to be periodised with respect to a given periodic structure" is 
algorithmically decidable. Indeed, it suffices to check if the following universal formula (quasi-identity) 
holds in G (for every pair of cycles Ce^, Cea): 

Vi/i, ...,H, ((/\(T*(ff) = 1)) ^ {[H{ceJ, H{c,,)] ^ 1)) . 

Furthermore, the set of elements 

(14) {h{e)\eeT}U{h{c,)\e^T} 
forms a basis of the free group generated by 

{hk \hke(J,a e P}. 

U fi e P, then (Pip)) = (/3(A(/i))), (a(^)) = (a(A(^))) by property (f) from Definition 
and, consequently, the word /i(/x)/i(A(/i))^^ is the label of a cycle c'^ from 7ri(F, (a(^))). Let 
= Pivr, {a{p))y^^p{vr, ia{^i))y\ Then 

(15) h{c^) ^ uh{fi)h{A{fi)y\-\ 

where u is the label of the path p(wr, (a(^))). Since £ tti{T, vr), it follows that — &^({ce | e ^ T}), 
where is a certain word in the indicated generators that can be constructed effectively (see Proposition 
IIL2.1, [LS77] ). 

Let b^ denote the image of the word b^ in the abelianisation of 7ri(F, wr)- Denote by Z the free abelian 
group consisting of formal linear combinations ^ n^Ce, n,, € Z, and by B its subgroup generated by 

the elements h^, ^ £P and the elements Ce, e ^ T, e G Sh. 
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By the classification theorem of finitely generated abelian groups, one can effectively construct a 
basis {(7(1), of Z such that 

(16) Z = e Z2, S C Zi, [Zi : B] < oo, 

where C'^^-' is a basis of Z\ and C*-^' is a basis of Zi. 

By Proposition 1.4.4 in [LS77j . one can effectively construct a basis C'^^-' , C*^^) of the free (non-abelian) 
group 7ri(r,i'r) such that C^^), are the natural images of the elements C'-'^^ C*^^) in Z. 

Remark 6.10. Notice that any equation in Z of the form 
lifts to an equation in 7ri(r,i;r) of the form 

where Y is an element of the derived subgroup of 7ri(r,ur). If the generalised equation is peri- 
odised, for any two cycles c'i,C2 € 7ri(r,i;r), we have that [/i(c'^), /i(c2)] = 1 in '&r{W)- Hence, 
^(c) = n /i(cO"' in Gfl(n*)- 

c,e;ri(r,!;r) 

Lemma 6.11. Let SI he a periodised generalised equation. Then the basis C'-^-' can be chosen in such a 
way that for every c £ C'-^' either c — Ce, where e ^ T, e G Sh, or for any solution H we have H{c) = 1. 

Proof. The set {ce | e ^ T, e G Sh} is a subset of the set of generators of Z contained in Zi. Thus, this 
set can be extended to a basis of Zi. Since, by (fT6|l . [Zi : B] < 00, for every c E Zi there exists nc G N 
such that 

?icC = ^ UeCe + nf^bf,. 

e^T.eGSh ^eP 

It follows that the set {ci, . . . , c^} which completes the set {Cg | e ^ T, e G Sh} to a basis of Zi, can be 
chosen so that the following equality holds: 

Hence, by Remark 16.101 for any solution H we have H{ci)^'^ = W ~ 1. Since G is 

torsion-free, we have H{ci) — I. □ 

Let {d, . . . , em} be the set of edges of T \ Tq. Since Tq is the spanning forest of the graph Fq, it 
follows that /i(ei), . . . , h(em) ^ /i(Sh); in particular, h{ei), . . . , h{em) G T'. 

Let F(ri) be the free group generated by the variables of SI. Consider in the group F{Sl) a new set 
of generators x defined below (we prove that the set x is in fact a set of generators of F{Sl) in part ^ 
of Lemma I6.14p . 

Let Vi be the origin of the edge e^. We introduce new variables 

(17) u^*' = {uie \e^T, e G Sh}, z'^'^ = {zie | e ^ T, e G Sh}, for 1 < i < to, 
as follows 

(18) Uie = h{p{vr,Vi)y^h{ce)h{p{vr,Vi)), Zie ^ h{eiy^Uieh{ei). 
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We denote by u the union IJ -u^*-' and by z the union IJ z^^\ Denote by t the family of variables that 

1=1 1=1 
do not belong to closed sections from V. Let 

x = tU {h{e) I e e To} U u U z U {/i(ei), . . . , /i(e„)} U h{C^^'^) U h{C^^^) 

Remark 6.12. Note that without loss of generality we may assume that vr corresponds to the beginning 
of the period P. Indeed, it follows from the definition of the periodic structure that for any cyclic 
permutation P' = P2P1 of P, we have ViH, P) = V{H, P'). 

Lemma 6.13. Let Q be a generalised equation periodised with respect to a periodic structure {V,R). 
Then for any cycle c^o such that /i(eo) ^ V and for any solution Hoffl periodic with respect to a period 
P, such that T'{H,P) = {V,R) one has H^Ceo) — -P"; where \n\ < 2p. In particular, one can choose a 
basis C*-^^ in such a way that for any c € one has H{c) = P", where \n\ < 2p. 

Proof. Let Ceo be a cycle such that the edges of are labelled by variables hk, hk ^ V. Observe that 
eo = piCeop2, where pi and p2 are paths in the tree T. Since eo G Fo, it follows that the origin and the 
terminus of the edge eo lie in the same connected component of the graph Fo and, consequently, are 
connected by a path s in the forest To. Furthermore, pi and sp^^ are paths in the tree T connecting 
the same vertices; therefore, pi = sp^^. Hence, Cej, — p2Cg^p^^, where c'^^ is a certain cycle based at the 
vertex Wp in the graph Fo. 

From the equality H{cea) = H(p2)H{c'^^)H{p2y^ and by Lemma 16. 8[ we get that P""" — 
P"=Pl(P2Pl)"''oPflp-"^ where 6{v^) = P1P2, = exp(ff(ceo)), = exp{H{c'J), m = 

exp(iJ(p2)). Hence rigo = n'^^ and thus |-ff(Ceo)| = |-ff(Cg|^)|. From the construction of V{H,P), it 
follows that the inequality \Hk\ < 2|P| holds for every item hk ^ V. Since the cycle c^^ is simple, we 
have that |i/(cej| = < 2p|P|. 

In particular, one has that | exp(iJ(ce))| < 2p for every e ^ T, e E Sh. By Lemma [6.111 one can 
choose a basis C^^-* such that for every c G C(i) either c = Ce and | exp(i?(ce))| < 2p, or H{c) = 1. □ 

The following lemma describes a generating set and the group of automorphisms 21(51) of the coor- 
dinate group G/jfx*). 

Lemma 6.14. Let Q be a generalised equation periodised with respect to a periodic structure {V,R). 
Then the following statements hold. 

(1) The system T* is equivalent to the union of the following two systems of equations: 

u^g"^'' = Zie, where e G T, e G Sh; \ < i < m 

[uie^ , Uie2\ = 1, where cj G T, Cj G Sh, j = 1, 2; 1 < i < m 
kci), h{z2)] = 1, where Ci, C2 G C^^) U C'^) 
and a system: 

*({/i(e) I eGr,eGSh},/(,(C(i'),t,M,z,^) =1, 

such that neither h{ei), 1 < i < m, nor occurs in ^P. 

(2) If c is a cycle based at the origin of Ci, then the transformation h{ei) — > h(c)h{ei) which is 
identical on all the other elements from A^Jx, extends to a <G- automorphism of Gjk^x*)- 

(3) If c G C(2) and c' G C^i' U C^^\ c' ^ c, then the transformation defined by h{c) h{c')h{c), 
which is identical on all the other elements from AU x , extends to a G- automorphism of Gjk^x')- 

Proof. We first prove ([T|). It is easy to check that (in the above notation): 

{hi,..., hp} ={/i(e) I h{e) G a, a ^ P} U 

{h{e) I e G To} U {h{e) \ e ^ Tq, e G Sh} U 

{h{e) I e G P \ To} U {h{e) \ e ^ T, e ^ Sh}. 
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From Equation (|T4|) and the discussion above it follows that 

(19) {hi,..., hp) = (t\j{h{e) I e e Tq} U u U z U {/i(ei), . . . , /i(e„)} U /i(C(i)) U /i(C(2))J) = (x), 

i.e. the sets h and x generate the same free group F{il). 

We now rewrite the equations from T in terms of the new set of generators x. 

We first consider the relations induced by bases which do not belong to V, i.e. basic equations of 
the form /i(^) = /i(A(^)), where /i is a variable base, jjL ^V. By construction of the generating set x, 
all the items h^ which appear in these relations belong to the set 

t U {h{e) I e e To} U {h{e) \ e ^ Tq, e e Sh} = f U Afi U M2. 

The elements of the sets i and Mi are generators in both basis. We now study how elements of M2 
rewrite in the new basis. Let h{e) = hk, e ^ Tq, e € Sh. We have e — sp2^^Cep2 and 

(20) hk = hi5)hip2)-'h{Ce)h{p2), 

where s is a path in Tq and p2 is a path in T (see proof of Lemma l6.13p . The variables h{ei), 1 < i < m 
can occur in the right-hand side of Equation (pOI (written in the basis x) only in h{p2)^^ and at most 
once. Moreover, the sign of this occurrence (if it exists) depends only on the orientation of the edge 
Ci with respect to the root vr of the tree T. If p2 = p2ef ^p2, then all the occurrences of the variable 
h{ei) in the words hk written in the basis x, with hk ^ V, are contained in the subwords of the form 
/i(ei)^^/i((p2)~^Cep2)/i(ei)^^, i.e. in the subwords of the form h{ei)^^h{c)h{ei)'^-^ , where c is a certain 
cycle in the graph F based at the origin of the edge ef^. So the variable hk rewrites as a word in the 
generators u, z, {h{e) \ e e Tq}. 

Summarising, the basic equations corresponding to variable bases which do not belong to V rewrite 
in the new basis as words in t, {h[e) \ e G Tq}, u and z. 

In the new basis, the relations of the form h{fi) — h{A{p)), where fj, G V, are, modulo commutators, 
words in ft,(C*^^-'), see Remark l6.10l 

Since fl is periodised with respect to {V,R), we have 

(21) [u,e,,u,ej = 1 and [/i(ci),/i(c2)] = 1, Ci,C2 eC(i)uC(2). 

It follows that the system T* is equivalent to the union of the following two systems of equations in 
the new variables, a system 

{u'l^'^^^ = Zie, where e e T, e G Sh; 1 < i < m 

[uie^ , Uie^] — 1, where Cj G T, Cj € Sh, j = 1, 2; 1 < i < m 
[/i(ci), h{c2)] = 1, where Ci, C2 G C^^^ U C^^) 

and a system (defined by the equations from T): 

({h{e) leer, h{e) ^ V}, h{C^^^), t, u,z,jdj^l, 

such that neither h{ei), 1 < i < m, nor h{C'^'^^) occurs in 4'. 

The transformations from statements ^ and ^ extend to an automorphism <p of G^(X')- Indeed, 
by the universal property of the quotient, the following diagram commutes 



It is easy to check that (^(^') = ^' and that 'p{0) C R[^i U O). Therefore, since by statement ([TJ of the 
lemma the system 5* U O is equivalent to T*, we get that (p is an automorphism of Gj^(x»). D 
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Definition 6.15. Let ~ {T,dir) be a generalised equation and let {VjR) be a connected periodic 
structure on Q. We say that the generalised equation Q is strongly singular with respect to the periodic 
structure {V, R) if one of the following conditions holds. 

(a) The generalised equation is not periodised with respect to the periodic structure {V,R). 

(b) The generalised equation is periodised with respect to the periodic structure {P, R) and there 
exists an automorphism ip of the coordinate group Gij(x*) of the form described in parts ^ or 
([3]) of Lemma [6. 141 such that ip does not induce an automorphism of GR(n*)- 

We say that the generalised equation fl is singular with respect to the periodic structure {V, R) if is 
not strongly singular with respect to the periodic structure (P, R) and one of the following conditions 
holds 

(a) The set C^^) has more than one element. 

(b) The set C*^^^ has exactly one element, and (in the above notation) there exists a cycle Ce^ € 

h{en) i V such that hit,,) ^ 1 in Gfl(n.). 

Otherwise, we say that is regular with respect to the periodic structure {V, R). In particular if il is 
singular or regular with respect to the periodic structure {P, R) then Q is periodised. 

When no confusion arises, instead of saying that O is (strongly) singular (or regular) with respect 
to the periodic structure (P, R) we say that the periodic structure (P, R) is (strongly) singular (or 
regular) . 

Definition 6.16. Let il = (T,5Rx) be a generalised equation and let {V^R) be a periodic structure on 
Q,. If is strongly singular with respect to (P, i?), then we define the group 2l(il) of automorphisms of 
*G-_R(o*) to be trivial. 

Otherwise, i.e. if {V , R) is singular or regular, we set 2t(f2) to be the group of automorphisms of 
Gfl(o*) generated by the automorphisms induced by the automorphisms of (Ij/i(x») described in state- 
ments (HJ and ([3]) of Lemma [6.141 Note that by definition of singular and regular periodic structures, 
every such automorphism of Gij(x*) induces an automorphism of and, therefore the group 2t(r2) 

is finitely generated. 

6.2. Example. In this section we give an example of a generalised equation f], a periodic structure on 
the generalised equation SI and some of the constructions used in Section 16.11 

Let ri be a generalised equation shown on Figure [TB] (the one to which the entire transformation is 
applied). Let {V,R) be a periodic structure on fl defined as follows. Set /ii, /13, /14, /15, /17 G V. From 
part (a) of Definition 16.31 it follows that 

Ai,A3,i^,A(Ai),A(A3),A(i.)e7'. 

From part (c) of Definition 16.31 we get that then a — [1, 8] G V. The set B in part (e) of Definition 16.31 
is defined to be {1, . . . , 8}. For the bases Ai, A3, and their duals, we have 

[l = a(Ai)] [a(A(Ai)) = 5 = /?(M)] ^R [/3(A(m)) = 8 = /3(A(A3))] ^r [/3(A3) = 4]; 

[2 = /3(Ai)] ^R [/3(A(Ai))=6]; 

[3 = a(A3)] ^R [a(A(A3)) = 7]. 

Therefore, there are three i?-equivalence classes: {1, 4, 5, 8}, {2, 6}, {3, 7}. 

Suppose that f2 is not strongly singular with respect to the periodic structure {V,R). Note that, 
using the decidability of the universal theory of G, one could check if {V, R) is strongly singular or not. 

We construct the graph F of the periodic structure {V, R) as in Definition 16. 71 The graph F is shown 
on Figure fTTl The edges of the graph F are labelled by the corresponding items hi. In this example 
the set Sh(F) equals {e2, eg}. We take the subgraph Fq of F whose edges are elements of Sh and choose 
a maximal subtree Tq of Fq as shown on Figure 1171 We extend the tree Tq to a maximal subtree T of 
F, which is also shown on Figure flTl 
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(2) (2) 




Figure 17. The graphs T, Tq, Tq and T. 



We fix a vertex vr in F. Then the fundamental group 7ri(F,t)r) of F witli respect to vr is generated 

by the cycles Ce^ , Ce^ , Cer^ , Ce^ , : 

7ri(F,tir) = (ceg, Ce^, Ces, Cee, Ce^), where 

Ces = 616263; Ces = 656j""^; Cg^ = 64; 

Cee = 616662^^65;^; Cej = 616267. 

Since, by definition, for any base ^ G V one has that /3(A(/i)), the word /i(/i)/i(A(/i))^^ 

labels a cycle in the graph F. For the bases Ai,A3,i^ £ T', we construct the corresponding cycles 
Cai, CA3, as in Equation (fT5|) : 

CAi = 6165^^ CA3 = 6162636^ "^6^"^6j"\ C,. = 6162636467-^66 "^65^-^64 \ 

Since the cycles c\j^,Cx^,Ci, belong to 7ri(F,t)r), these cycles can be written as words h\^,h\.^,hi, in the 
generators Ce^ , i = 3, 4, 5, 6, 7 as follows: 

^Ai — Cgj. , = CggCg^ , bi, — CegCe^Cg^ Cg^ Cg^ Cg^ . 

Let Z be the free abelian group generated by the images of the cycles Cg^, i — 3,4,5,6,7 in the 
abelianisation of 7ri(F, v^)'. 

Z = (cgg) ® (Cg^) ® (Cgj) ® (Cgg) ® (Cg^) = (ei + 62 + 63, 64, 65 - 61, 66 - 62, 61 + 62 + 67). 

Consider the subgroup B oi Z generated by the images of fe^i , bx.^ , b^ and Cgg in the abelianisation of 
7ri(F, wr): 

B = (6ai) ® (6A3) ® ® (Cee) = (ei - 65, 63 - 67, 61 + 62 + 63 - 67 - 66 - 65, 66 - 65). 
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By the classification theorem of finitely generated abelian groups, there exist free abelian groups Z\ 
and Z2 such that Z = Z\® and \Z\ : B] < 00. To construct this decomposition (see Equation (fTB]) ). 
we construct a matrix with rows corresponding to the decomposition of the generators of B in terms of 
the generators of Z and then apply the elementary transformations: 



/ 

1 

1 

V 



\ 

-1 
/ 



/ 

1 



V 



-1 \ 





10/ 



It follows that 



B = Zi, Zi = (63 - 67, 65 - ei, 66 - 62), Z2 = (64, ei + 62 + 67). 

{63 — 67, 65 — 61, 66 — 62} and C^^-* = {64, 61 + 62 + 67}, respectively. 



The basis of Zi and Z2 are C^^) = 
It is easy to see that the sets 

^(1 



}, C(2)={Ce,,CeJ 



form a base of 7ri(r,i;r) and their images in Z are the sets C^^-* — {63 — 67, 65 — 61, eg — 62} and 
C^^-* = {64, 61 + 62 + 67}, correspondingly. Since |C'2)| = 2, is singular with respect to the periodic 
structure (T', i?). 

Note that for every solution _ff of we have if(C*-^^) = 1. Indeed, since, by assumption, il is 
periodised with respect to {V.R), the following equalities hold in the coordinate group 



Ai ' 



The statement follows, since for any cycle Cy^, one has H{c^) = 1 for any solution H. 

We construct the set of generators x of G/j(q.) used in Lemma [6.141 The set a; is a union of t = {h^}, 
{ft.2} (since 62 £ Tq), {uieg = /i(6i666^^6j"^)}, {zieg = /i(666^^)} (sincc T\Tq = {61}), {h{ei)}, hiC^^'^) 
and /i(C(2)). 



6.3. Strongly singular and singular cases. The next lemma states that if a generalised equation 
f2 is strongly singular with respect to a periodic structure, then every periodic solution of f2 is in fact 
a solution of a proper quotient, which can be effectively constructed. In other words, every periodic 
solution of the generalised equation can be obtained as a composition of a proper epimorphism and a 
solution of a proper generalised equation. 

Lemma 6.17. Let 17 = (T,5ftx) be a generalised equation without boundary connections, strongly 
singular with respect to the periodic structure {V,R). Then there exists a finite family of elements 
{ffi}; 9i £ G_R(a*) so that for any solution H of periodic with respect to a period P, such that 
V{H, P) = {V, R) , one has that gi ^ I in for some i and H{gj) = 1 for all gj G {gi}- 

Proof. Suppose that fl is strongly singular of type (a) with respect to {V,R). Since is not periodised 
with respect to {V,R) there exist two cycles Ci,C2 G C^^^ U C^^^ such that g — [/i(ci), ft.(c2)] 7^ 1 in 
^R(Q.*)- Then, by Lemma [6.81 for every P-periodic solution H oi Q. one has H{g) = 1. In this case 
we set the family of elements {gi] to be the finite set of commutators of the form [ft.(ci), /i(c2)], where 

ci,c2ecWuc(2)^ 

Suppose that f2 is strongly singular of type (b) with respect to {V,R). Notice that by the universal 
property of the quotient, for every automorphism ip of the coordinate group (Gi^(x»), the following 
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diagram commutes 

^Jfl(T*) ^'Gr{t*) 



f5_R(T'uc) ^ Gfl;(T*ucuip(C)) 

where C — {[hi, hj] \ ^^{hi, hj)}. Note that is an automorphism of G/j(x*uc) 'Gn.(n*) if and only 
if (p(C) C i?(T* U C). Since is strongly singular of type (b) with respect to {V,R), there exists 
an automorphism (p of G/j(x») described in statements ([2]) or ((31) of Lemma [6.141 and a commutator 
[hi, hj] € C such that (p{[hi, hj]) ^ R{T* UC), thus g = (p{[hi, hj]) is non-trivial in Gji(^Q*y In this case, 
the finite set of elements of the form ip{[hi,hj]), where ^r{hi,hj) and is & generator of the group 
2t(ri), satisfies the required properties. 

Since the automorphism (f is identical on i, h{e), where e e Tq, u^^\ z'*^ i = l,...,m, and on 
/i(C(i)), it follows that (f is identical on the set {/ij, | /i^, ^ V}. Therefore, from [hi,hj] E C and 
ip{[hi, hj]) ^ R{T* U C), we get that hi E V or hj E V. Without loss of generality, we may assume that 

h, G V. 

By part ([1]) of Lemma I6.14[ a: is a generating set of Gfl(o*). The item hi can be written in the 
generators a; as a word w{h{Sh), u, z, /i(C'-^^), h{C'^^^), h{ei), . . . , h{em))- From the above discussion, it 
follows that if{h,) = w(/i(Sh), u, z, /i(C(i)), (^(/i(C(2))), <^(/i(ei)), . . . , (p{h{em)))- 

Let be a solution of periodic with respect to a period P such that P) = {V ,R). Since 

alph(i/(/i(Sh))), alph(i/(u)), alph(i/(z)), 

(22) 

alph(ff(C(i))), alph(i?(C(2))), alph(i/(/i(ei))), . . . , alph(ff (/i(e„))) C alph(P), 

by the definition of the automorphism (p, we get that 

alph(i/(/i(Sh))), alph(i7(z2)), alph(i7(z)), alph(i/(C(i))), alph(i7(^(/i(C(2))))), 

alph(77((^(/i(ei)))), . . . , alph(i/(<^(;i(e„)))) C alph(P). 

Therefore, alph(ff ((^(/i,))) C alph(P). 

Since hi E V, we get that alph{Hi) = alph(P). As is a solution of fl and di^ihi, hj), so Hj ^ Hi, 

i. e. Hj ^ alph(P). Furthermore, from Equation it follows that H{(p{hi)) ^ Hj. Since a; 
generates Gfl(si*) and from Equation l|22p . it follows that hj can be written as a word in t. Then, since, 
as mentioned above (p is identical on t, we have that H{g) ~ H{(p{[hi, hj])) = H{[(p{hi), hj]) — \. □ 

The next lemma states that if a generalised equation is singular with respect to a periodic structure, 
then one can construct finitely many proper quotients of the coordinate group ^^(n.), such that for 
every periodic solution there exists an 2l(r2)-automorphic image such that this image is in fact a solution 
of one of the quotients constructed. In other words, every solution of the generalised equation can be 
obtained as a composition of an automorphism from 21(17) and a solution of a proper generalised 
equation. 

Lemma 6.18. Let be a generalised equation without boundary connections, singular with respect to 
the periodic structure {V, R) . Then there exists a finite family of cycles Ci, . . . , in the graph T such 
that the following conditions hold: 

(1) h{c,) ^1, i^l,...,r in Gh(o-); 

(2) for any solution H of ft periodic with respect to a period P, such that V{H,P) = {V,R), there 
exists an ^(fl)-automorphic image H'^ of H such that H^{ci) ~ 1 for some 1 <i <r; 

(3) for any hk iV, Hu = H+ ; and for any huEVifHu^ PiP'^-^Pj, then H+ = PiP< P2, where 
Sik)^PiP2, nk,n+ E 7L. 
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Proof. Suppose that |C*^^^| > 2. Let H he a. solution of a generalised equation Q periodised with 
respect to the period P such that V{H,P) = {V,R). Let Ci,C2 G C'^). By Lemma [6?8l i/(ci) = P"S 

i/(C2) =P"^ 

Without loss of generality we may assume that ni < n2. Write n2 = tni + r, where either r = or 

< |r| < \ni\. Applying the automorphism : h{t2) ^ /i(ci)^*/i(c2), (^s G we get H{ip{h{c2))) = 
P'', hence the exponent of periodicity exp{H {(p{h{c2)))) is reduced. 

Applying the Euclidean algorithm, we get that there exists an automorphism ip from 21(51) such that 
H{ip{h{c2))) = 1 or i7(V'(/i(ci))) = 1. Set H+ = ^j{H). Then the set {ci,C2} satisfies conditions ^ 
and ([2]) of the lemma. 

In the notation of Lemma 16.141 the automorphism tp is identical on all the elements of x except for 
/i(C'-^^), hence, in particular, it is identical on h{e) such that e £ T or e ^ V, and on h{C^'^''), i.e. 
H+{e) = H{e), for any e e T or e ^ P and H+{c^^^) = H{c'-^'^) for any c^^) G C^^K 

If /i;. = h{e), e ^ T, h{e) G P, then hk = h{pi)h{ce)h{p2), where pi,p2 are paths in T. Therefore, 
H+ = H+{e) = H+{pi)H+{ce)H+{p2) = H{pi)H+{ce)H{p2)- Since h{cj) lies in the subgroup gener- 
ated by h{C^^^) and h{C^^''), then i7+(ce) and H{ce) lie in the cyclic group generated by P. This proves 
statement ([3]) of the lemma. 

Suppose that C^^^ = {c^^^}. Since the periodic structure is singular, there exists a cycle such that 
h{eo) i V, Ceo G (C^'^> and /i(ceo) ^ 1 in Gfl(n.). 

We define the set of cycles {ci, . . . , c^} to be 

|(Ceo)*(c*-^-')"' I i and j are not simultaneously zero, |j| < 2p| . 

We want to show that the elements of the set just defined are non-trivial. In order to do so we 
show that if h[zeg)^h(t^'^^)^ = 1 in Gfl(o.), then i = j = 0. Suppose /i(ce(,)*/i(c^^^)"' = 1. Let o-q be 
an automorphism from 2t(ri) such that (Jo(ft.(Ce(,)) = h{ceg) and ao{h{c^'^^)) — /i(Ce|-,)ft.(c^^^). Hence 
/i(Ceo /i(c''^-')"' = 1 in CS_R(j2»), and so ft,(ce(,)"' = 1. Since G is torsion-free, this implies that either 
h{ceg) = 1 or j = 0. Since ^.(ceo) 1, we have j = 0. Then h{ce„y = 1 and, since G is torsion-free, so 

1 = 0. 

Let 77 be a P-periodic solution of the generalised equation fl such that 1^(11, P) = (P, R). By Lemma 
Km we have H{ceo) = P"°^ l^ol < 2/o. Let i?(c(2)) = P", c^^) g C^^). 
If no = 0, we can take cr = 1, = if and the set of cycles {Ceo}. 

Let uq ^ 0, n = triQ + n' , and \n'\ < 2p. Let a — and define iJ+ to be the image of H under 
cr. Set c = (ceo)""'(c(2))"", then H+{te„) = P"«, ii+(c(2)) = P"' and ii+(c) = 1. An analogous 
argument to the one given in the case IC^^-*! > 2 shows that ~ Hk if hk ^ P, and i/j^ = PiP"fc P2 
if iifc = PiP»'=P2 and /ife G P. □ 

6.4. Example. Let 17 be the generalised equation shown on Figure [TBI The associated system of 
equations is as follows: 

hih2h3h4 — hih^h^hT, hi — h^; h^ = hj; /i2 = /is; — hg; hs = a. 

Consider the periodic structure (P,P) defined in Section K% We have shown in the example given in 
Section that this periodic structure is singular. Let H — (Hi, . . . ,Hs) be defined as follows: 

Hi = (6ac)26; H3 = {cba)'^c; H^ = [bacfb: Hr = {cba)'^c; 
H2 = a; H4 ~ (bac)^; Hq ~ a; Hg, = a. 

It is easy to see that for P = 6ac the tuple ii is a P-periodic solution of il. 

In the notation of Lemma l6.141 from the example given in Section [6.21 we have 

X = [hs, h2, hiheh^^h^\heh^\h{C^^^), /i(C(2))| , 
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where C^^^ = { ^es^^^ , Ce^, Ceg} , C^^-* — {ce^ , Ce^} ■ Notice that, ill particular 
Consider the automorphism ip G 21(51) induced by the transformation: 

and identical on the other elements of x. 

Set — (p{H). Then i7+ satisfies the conditions ^ and ^ of Lemma FG-lSI Indeed, 

7?+(CeJ = i?(c-;CeJ = P i?+(Ce,) = ((c,-/ CeJ-^Ce, ) - 1. 

Furthermore, since tp is the identity on the other elements of x, we get that 
Hi = Hi; H2 = H2; H^ = iJg; 
HftH^^^ = HgH2^^ and so = Hq; 
H+H+^^ = H^Hi-^ and so H+ = H^; 
H+ = H+{c,,)=P; 

1 = H+{cer) = H^H+H:^ and so = H^^Hi^; 
H+H:^^^ = H^Hj-^ = 1 and so H+ = H+ = H^^Hi^. 

6.5. Regular case. The aim of this section is to prove that if a generalised equation il is regular 
with respect to a periodic structure, then periodic solutions of Q minimal with respect to the group 
of automorphisms 2t(0) have bounded exponent of periodicity. In other words, the length of such a 
solution is bounded above by a function of and the length \P\ of its period P. 

Lemma 6.19. Let be a generalised equation with no boundary connections, periodised with respect 
to a connected periodic structure {V,R). Let H be aperiodic solution of VL such thatV{H,P) = {V,R) 
and minimal with respect to the trivial group of automorphisms. Then, either for all k, I < k < p we 
have 

(24) \Hk\ < 2p\P\, 

or there exists a cycle c G 7ri(r,i;r) so that H{c) = P", where I <n < 2p. 

Proof. Let be a P-periodic solution of the generalised equation minimal with respect to the trivial 
group of automorphisms. 

Suppose that there exists a variable hk E V such that \Hk\ > 2p|P|. We then prove that there exists 
a cycle c G 7ri(r, vr) so that H{c) — P", where I < n < 2p. 
Construct a chain 

(25) {n,H) = (a„„,i?(°)) ^ (r!.,,i/«) - • •• - (r!.,,i?(*)), 

in which for all i, ^vi^i is obtained from fl^. using ET5: by /i-tying a free boundary that intersects a 
certain base p, G P. Chain is constructed once all the boundaries intersecting bases p, from V are 
p-tied. This chain is finite, since, by the definition, boundaries that are introduced when applying ET 5 
are not free. 

By construction, the generalised equations f2t,;'s in (|25p have boundary connections. Our definition 
of periodic structure is given for generalised equations without boundary connections, see Definition 
16.31 For this reason we define ^ly>, to be the generalised equation obtained from Uy- by omitting all 
boundary connections (here we do not apply D3). It is obvious that the solution H^''^ of ri„. is also a 
solution of the generalised equation ri„/ and is periodic with respect to the period P. Denote by {Pi, Ri) 
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the periodic structure V{H^^\ P) on the generahsed equation fi^' restricted to the closed sections from 
V , and by F^*' the corresponding graph. 

If {p,n,q), /i G V, is a boundary connection of the generalised equation fJ^,. , i = then 
S{p) = 5{q). Therefore, all the graphs T^") , r^^) , . . . , T^*' have the same set of vertices, whose cardinality 
does not exceed p. By Lemma I5.8[ the solution H^^^ of the generalised equation is also minimal 
with respect to the trivial group of automorphisms. 

Suppose that for some variable hi belonging to a section from V the inequality li//*'! > 2|P| holds. 

{(t) (t)^^^ 
hi £ a \ a £ V and — >. Consider the partially commutative G-group G(.4U 

{u}), where u is a new letter and [u, Uk] — 1, ak & A for all Ofc G A(i7j) (see Section [53] for definition), 
where ^r{hi,hj) for some hi E H. 

In the solution i?*^*), replace all the components ff/'-* such that i/j*"*' = iJ,^*'' or i/j^*"* = iJ^^*'' by the 
letter u or u^^, correspondingly (see Definition 15. 5p . Denote the resulting pn^^ -tuple of words by if^*' . 

We show that if^*^' is in fact a solution of fi^j (considered as a generalised equation with coefficients 
from {u}, see Remark 15. 7p . Obviously, by definition, every component of is non-empty and 
geodesic. Since in the generalised equation ^ly^ all the boundaries from V are ^-tied, fi E V, there is 
a one-to-one correspondence between the items that belong to /i and the items that belong to A(/i). 
Therefore, i/^*^' satisfies all basic equations ft-(^) = /i(A(/i)), fj, E V and all the boundary equations of 
the generalised equation Qy^ . 

If, on the other hand, p, ^ V , then for every item /i^ g /i of the generalised equation lying on a 
closed section from we have hk ^ V and, consequently, \Hk\ < 2|P|. In particular, this inequality 
holds for every item hk E fj., fJ- ^ V oi the generalised equation Qy^ . Therefore, such items have not 
been replaced in the solution thus i?'*^ satisfies all basic equations h{ii) = h{A{fj,)), fJ- <^V. From 
the construction of G(.4U {u}) it follows that i/*^*-' satisfies the constraints from 3?t^j ■ 

Let TT : G{A U {u}) G{A U {u}) be a map that sends u to h/*^ and fixes G. Since i?^*) is a 
solution of r^iij, one has i//*' ^ where ^r^^{hi, hj), hi e H. Therefore, [Hi*\ak] = 1, where 

ak G alph(i7j*'') and ^r^^{hi,hj), hi G H. These are the relations that, by construction, are satisfied 
by u, hence tt is a G-endomorphism. This contradicts the minimality of the solution H'--*'\ Indeed, one 
has TTfj(t) — 7r^(t)'7r. By construction, it is easy to check that conditions ^ and ([3]) of Definition 15.11 

hold. Therefore, <{i} H^*\ Obviously, = for all i ^ I and 1 = |u| = < 

We thereby have shown that < 2|P|, if hi belongs to a closed section from V. 

In the construction of chain (|25p we introduced new boundaries, so every item from fly^ can be 
expressed as a product of items from fly'^ . Consequently, since l-ff/*"* | < 2|P| for every I, if the component 
Hk of the solution H of the generalised equation fl does not satisfy inequality ([M)) . then hk is a product 

of at least p + I distinct items of fiuj, hk = /li*"* • • • ft-i+g, where g > p + I- 

Since the graph F*^*) contains at most p vertices, there exist boundaries 1,1' E {s, . . . , s+p+1}, I < I' so 
that S{1) = 5{l'). The word h[l,l'] is a label of a cycle c* of the graph F^*) for which < \H{ct)\ < 2p\P\. 

Recall that by i:{vi,Vj) we denote the homomorphism Gi^(o^ •) — + G7?(o„ •) induced by the ele- 
mentary transformations. It remains to prove the existence of a cycle Co of the graph F for which 
t^{vt iVt){h{cQ)) = h{ct). To do this, it suffices to show that for every path p^+i : v ^ v' \a the graph 
there exists a path : i; — > i;' in the graph F^*) such that TT{vi,Vi+i){h(pi)) = /i(pi+i). In turn, 
it suffices to verify the latter statement in the case when p^+i is an edge e. 

The generalised equation 11^. is obtained from U,y. by /i- tying a boundary p. Below we use the 
notation from the definition of the elementary transformation ET 5. 
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(1) Either we introduce a boundary connection {p,ii,q). In this case every variable h{e) of the 
generalised equation ^Vi^i is also a variable of the generalised equation fly. and the statement 
is obvious; 

(2) Or we introduce a new boundary q' between the boundaries q and q + I, and a boundary 
connection {p,fi,q'). Using the boundary equations we get 

7T{v^,v^+i)-\hg) = h[a{AOi)),q]-'h[a{A{fi}),q'] = h[a{AOi)) , q]-\[a{f,} , p], 

TT{v^,v,+i)-\hg^) = h[a{A{fi)),q'r\[a{A{p)),q + l] = h[a{p),p]-\[a{A{^l)), q + 1]. 

Moreover, Tr{vi,Vi+i)~^{h{e)) = h{e) for any other variable. Notice that since {a(p)) = 
(Q;(A(/i))), the right-hand sides of Equations (pS)) are labels of paths in F''^. 

Thus, we have deduced that there exists a cycle c € F so that 1 < exp(i/(c)) < 2p. □ 

Lemma 6.20. Let be a generalised equation with no boundary connections. Suppose that Q is regular 
with respect to a periodic structure {V,R). Then there exists a computable function fo(fl,V, R) such 
that, for every P-periodic solution H of fl such that V{H^ P) = (P, R) and such that H is minimal with 
respect to 2l(il), the following inequality holds 

\Hk\<fo{n,r,R)-\P\ for every k. 

Proof. Let H he a P-periodic minimal solution with respect to the group of automorphisms 2l(ri). 
Notice that H is also minimal with respect to the trivial group of automorphisms. 

We first prove that for any regular periodic structure and any P-periodic solution H of U minimal 
with respect to the group of automorphisms 2l(ri), the exponent of periodicity of the label of every 
simple cycle Ce, e ^ T is bounded by a certain computable function gi{il.,V , R). 

If for every i we have \Hi\ < 2p\P\, the statement follows. We further assume that there exists i such 
that \H,\ > 2p\P\. 

Since the periodic structure is regular, either jC*^^^! = 1 and for all e ^ T so that e G Sh we have 
i/(ce) = l, or|C(2)|=0. 

Assume first that, C'^^ = {c^^-'}. Since the periodic structure {V,R) is regular, it follows that 
H{ce) = 1 for aU e ^ T, h{e) ^ V. Since H is & solution of D., it follows that exp(iJ(6^)) = 0, fxeV. 
Therefore, exp(iJ(c)) = for all c such that c E B. By we have that [Zi : B] < oo, hence we 

get that exp(_ff(c)) = for all c such that c G Zi. Consequently, since the only non-trivial cycle at vr 
is c^^\ by Lemma 16.191 we get that | exp(iJ(c(^^))| < 2p. Using factorisation p^ . one can effectively 
express Ce, e ^ T in terms of the elements of the basis: 

Hence | exp(i/(ce))| = |ne exp(i/(c'-^''))| < 2pne, and we finally obtain 

(27) \eMH{ce))\<9i{n,V,R), 

where gi is a certain computable function. 

Suppose next that jC'-^-'l — 0, i.e. Z — Z\. As we have already seen in the proof of Lemma [6.131 
< 2p\P\, where e ^ T, h{e) ^ V . Hence, | exp(i7(ce))| < 2p for aU e such that h{e) ^ V. Since 
(Zi : P) < oo, for every eo ^ P one can effectively construct the following equality 

Hence, 

|exp(P(ceo))| < |neo •exp(P(ceJ)| < J2 l«eexp(P(ce))| < 2p- J2 

h(e)i$V h{e)^V 
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Thus, |exp(i7(Ceo))| < <?2(0,P,i?). 

We now address the statement of the lemma. The way we proceed is as follows. For a P-periodic 
solution H minimal with respect to the group of automorphisms 2l(r2), we show that the vector that 
consists of exponents of periodicity of each of the components Hk of H is bounded by a minimal solution 
of a linear system of equations whose coefficients depend only on the generalised equation. Since by 
Lemma 1.1 from [Mak77j . the components of a minimal solution of a linear system of equations are 
bounded above by a recursive function of the coefficients of the system, we then get a recursive bound 
on the exponents of periodicity of the components of the solution H. 

Let 5{k) = p[^^ P2^\ Denote by t{z, hk) the algebraic sum of occurrences of the edge with the label 
hk in the cycle c, (i.e. edges with different orientation contribute with different signs). For every item 
hk that belongs to a closed section from V one can write 

Note that in the case that hk E V, the above equality is graphical. However, in the case that hk ^ V 
and Hk is a subword of P^^ there is cancellation. Direct calculations show that 

(28) iJ(c)=PVfc 

By Lemma l6.191 bq ^ T can be chosen in such a way that exp(H (ceg)) ^ 0. Let Uk = \ exp(ceo)|TOfc + rk, 
where < < |exp(ceo)|. Equation implies that the vector {nik \ hk G V} is a solution of the 
following system of Diophantine equations in variables {zk \ hk G V}: 

(29) ti'e,hk){\ 

Note that the number of variables of the system ([29]) is bounded. Furthermore, as we have proven 
above, free terms exp(7J(ce)) of this system are also bounded above, and so are the coefficients \nk\ < 2 
for hk ^ V. 

A solution {to/c} of a system of linear Diophantine equations is called minimal, see [Mak77| . if ruk > 
and there is no other solution {m^} such that < to^ < rrifc for all fc, and at least one of the inequalities 
™fc < Tnk is strict. Let us verify that the solution {mk \hk eV} of system ([29]) is minimal. 

Indeed, let {m^} be another solution of system (I^S)) such that < < mk for all fc, and at least 
for one k the inequality is strict. Let — | exp(_ff (Ceo))|m^ + r^. Define a vector iJ+ as follows: 
H+ = Hk if hk ^ P, and H+ = p!^''^ P< p[''+^^ if hk G V. 

We now show that is a solution of the generalised equation which can be obtained from H by 
an automorphism from 2l(f2). 

The vector iJ+ satisfies all the coefficient equations and all the basic equations of Vl. Indeed, since 
{m^} is a solution of system ((29)) . H^{ce) = P'^^p'^^^'^ — H{ce). Therefore, for every cycle c we have 
H~^{c) = H{c) and, in particular, H'^{h^) = i?(&p) — 1. Thus the vector iJ+ is a solution of the system 
VL*. 

By construction every component of the solution H^ is non-empty and the words H^{p), _ff^(A(/i)) 
are geodesic. On the other hand, for every fi we have 

H+{^,)H+{A{^,))-' = 1. 

Since ii fi £ V, then the words H^{ii) and _ff+(A(/i)) are P-periodic, it follows that 

i/+(M) = H+{A{p)). 

From the definition of H^ it is obvious that H^ satisfies the commutation constraints induced by 5Rx . 
Thus, H'^ is a solution of the generalised equation fi. 
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Denote by Sie^ an element from the group of automorphisms 2t(17) defined in the following way. For 
every ei (1 T \ To, i — 1, . . . ,m set 

A ■ \ ^ f h{p{vr,n,)~^Ce„pivr,v,))h{e.,), for j = i; 
^^-0 ■ '^[ej)^ <^ /i(e,), foYj^i. 

Therefore, if ttj^- = S^eo-^n and h{e^) = hk £ V, then = p^'''^ p^k+c^Hic^o)) p[''+^\ and all the other 

components of H' are the same as in H, H'l = Hi, I ^ k. Denote by 5 = J] where /i(e,) = /ifc., 

Ai = ('Ti^jr. — "^fei) • sign(exp(_ff (ceo))). Let us verify the equality 

(30) tth+ = tthS. 

Let TTfjii) = 5tth. Then, by construction, Hj^^^ = P^^^ P"^t p^'^'^'^^ = 7J+ for all k such that /i^. is 
the label of an edge from T \To. If the edge labelled by hk belongs to Tq, or hk does not belong 
to a closed section from V, then hk ^ V and ~ Hk = H^ . Finally, for every e ^ T we have 

i/(^)(ce) — H{ce) ~ i?+(ce). As Ce = piep2, whcrc pi, p2 are paths in the tree T, and for every item hk 
which labels an edge from T, the equality iJ^^-* = H^ has already been established, so it follows that 



ff(i)(e) = H+{e). This proves 

Since H^ is a solution of fi, since by construction H^ satisfies conditions ([2]) and ([3]) from Definition 
15.11 and by it follows that i/"*" <2i(o) -H^- We arrive to a contradiction with the minimality of the 
solution H. Consequently, the solution {ruk \ hk G V} of system is minimal. 

Lemma 1.1 from |Mak77j states that the components of the minimal solution {nik \ hk E V} are 
bounded by a recursive function of the coefficients, the number of variables and the number of equations 
of the system. Since, as shown above, all of these parameters of system are bounded above by a 
computable function, the lemma follows. □ 

7. The finite tree To{n) and minimal solutions 
In Section m we constructed an infinite tree T{fl). Though for every solution H the path in T{il) 
(f^ , ) - (f^., , ) , if ) . . . ^ (f],, , if (*) ) 

defined by the solution H is finite, in general, there is no global bound for the length of these paths. 

Informally, the aim of this section is to prove that the set of solutions of the generalised equation 
can be parametrised by a finite subtree Tq (to be constructed below) of the tree T, automorphisms from 
a recursive group of automorphisms of the coordinate group and solutions of the generalised 

equations associated to leaves of Tq. In other words, we prove that there exists a global bound M, such 
that for any solution HofQ one can effectively construct a path p{H) = (O^^, ffl"!) (57^,^ , 7?[^1) . 
in r(ri) of length bounded above by M and such that iji'l <Aut(o) H for all i, where Aut(rJ) is the 
group of automorphisms of GB.{n*) defined in Section[721 see Definition !?. 151 (note the abuse of notation: 
i/t'l and H are solutions of different generalised equations; in fact this relation is between two solutions 
of ri: a solution induced by i/I'I and H; see below for a formal definition). 

We summarise the results of this section in the proposition below. 

Proposition 7.1. For a (constrained) generalised equation = ^vq, one can effectively construct a 
finite oriented rooted at vq tree Tq, Tq — TQ{Qyg), such that: 

(1) The tree Tq is a subtree of the tree T{Q). 

(2) To the root vq o/Tq we assign a recursive group of automorphisms Aut(ri) (see Definition l7.15p . 

(3) For any solution H of a generalised equation fl there exists a leaf w of the tree Tq{CI), tp(u') = 
1,2, and a solution H^^^ of the generalised equation fli^ such that 

• ijl™! <Aut(f2) H; 



EQUATIONS OVER PARTIALLY COMMUTATIVE GROUPS 



77 



• if tp{w) ~ 2 and the generalised equation fliu contains non-constant non-active sections, 
then there exists a period P such that ijl""! is periodic with respect to the period P and the 
generalised equation 17^, is either singular of strongly singular with respect to the periodic 
structure V{H^'"\P). 

This section is organised in three subsections. The aim of Section 17.11 is to define the recursive 
group of automorphisms QJ(rii,) of the coordinate group of the generahsed equation il„ associated to v, 

V e T{n). 

In Sect ion rr2l we define a finite subtree To(ri) of the tree T{ft). In order to define To(ri) we introduce 
the notions of prohibited paths of type 7-10, 12 and 15. Using Lemma [4. 191 we prove that any infinite 
branch of the tree T(f7) contains a prohibited path. The tree Toi^Tl) is defined to be a subtree of T{^1) 
that does not contain prohibited paths and, by construction, is finite. We then define a recursive group 
of automorphisms Aut(ri) that we assign to the root vertex of the tree T'o(Sl). The group Aut(ri) is 
generated by conjugates of the groups 5J(S1„), v G To{U), tp(w) 1. 

FinaUy, in Section [7?3l for any solution H of SI we construct the path p{H) from the root vq to w, 
prove that w is a leaf of the tree To{Q) and show that the leaf w satisfies the properties required in 
Proposition 17. II 

7.1. Automorphisms. One of the features of our results in this paper is that all the constructions 
we give are effective. Since, we do not have control over the automorphism groups of G-residually G 
groups, we are led to narrow the group of automorphisms in such a way that on one hand they are 
effectively described and, on the other hand, Proposition 17. II stated above still holds. 

Informally, we will see that the automorphisms that we consider (besides the ones already defined in 
Section [6] for periodic structures) are, in a sense, induced by the canonical epimorphisms in the infinite 
branches of the tree T. Therefore, these automorphisms are compositions of epimorphisms induced 
by elementary and derived transformations. This will allow us to prove that the automorphisms are 
completely induced: come from word mappings that, in turn, induce automorphisms of residually free 
groups considered by Razborov in [Raz87j . Since the group of automorphisms considered by Razborov 
are tame and finitely generated, using the decidability of the universal theory of G, we will get that our 
groups of automorphisms are recursive. 

In his work on systems of equations over a free group [Raz85| . |Raz87) , to prove that the groups 
of automorphisms are finitely generated, Razborov uses a result of McCool, see |McC75| . When this 
paper was already written M. Day published two preprints, |Day08a| and |Day08b1 on automorphisms 
of partially commutative groups. The authors believe that using ideas of A. Razborov and techniques 
developed by M. Day, one can prove that the automorphisms groups of the coordinate groups we consider 
are, in fact, finitely generated. 

Definition 7.2. Let fl = (T,3fix) be a generalised equation. An automorphism 9 of the coordinate 
group Gfl(Q*) is called completely induced if there exist an _F-homomorphism 9 from F[h] to F[h], where 
F is the free group on A and an i^- automorphism 9' of the coordinate group -Fij(T*): such that the 
following diagram commutes: 



'^Rifl") < F[h] > -F/?(T*) 

In this case, the automorphisms 9 and 9' are called dual. 

To every vertex v of the tree T{il), fl — (T, SRx) we assign a recursive group of automorphisms 2J(rii,) 
of Gij(o.). 
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If tp(w) = 2, set QJ(ilt,) to be the group generated by aU the groups of automorphisms ^(flv) 
corresponding to regular periodic structures on f2i,, see Definition 16. 161 

Remark 7.3. The definition of the automorphism groups in the case when 7 < tp(v) < 10 (or, 

tp(w) = 12) given below may seem unnatural. In fact, for the purposes of this paper, the automor- 
phism group 23(r2t,) could be defined as the group of automorphisms of Gj^(q.) that are induced by 
F-homomorphisms ip of the free group F[h] such that ip{hi) — hi for all hi that belong to the kernel 
of Qy (or, such that ip{hi) — hi for all hi that belong to the non-quadratic part of fl^, see below for 
definition). If defined in this way, the groups of automorphisms ^{Qy) are recursive and all the proofs 
in the paper work in the same way. 

However, we chose to define the groups 2J(f2t,) as below because the groups of automorphisms defined 
by Razborov are well understood (in the case that the corresponding coordinate group is fully residually 
free they correspond to the canonical group of automorphisms associated to its JSJ decomposition, see 
jKhM98b] and [KhMOSb] ) and we hope that establishing relations between 9J(17„) and the groups 
defined by Razborov will help understanding the structure of 03(17^) and, consequently, of the splittings 
of fully residually G groups. 

For the time being, the only consequences of our definition are that the group of automorphisms 
QJ(r2„) is "induced" by a subgroup of the automorphism groups defined by Razborov and that auto- 
morphisms from 5J(r2„) are tame. Recall that an automorphism of a group is tame if it is induced by 
an automorphism of the free group. 

Let 7 < tp(ti) < 10. An automorphism tp of the coordinate group G/j(f2„*) is called invariant with 
respect to the kernel if it is completely induced (see Definition [721) ^^^^ its dual is invariant with respect 
to the kernel in the sense of Razborov, [Raz87j . We now recall the definition of an automorphism 
invariant with respect to the kernel in the sense of Razborov. 

Let T„ be a non-constrained generalised equation over the free monoid F, and F^(xj) be its coordinate 

group over F, where F is the free group with basis A. Let T„ be obtained from D3(T„) by removing 
all coefficient equations and all bases from the kernel of Ty. Let tt be the natural homomorphism from 
■^fl(Tj) to ^-R(t;)- 

An automorphism (p of the coordinate group i^ii'(T„*) is called invariant with respect to the kernel, 
see jRaz87 ■ if it is induced by an automorphism ip' of the coordinate group ^^^j-^*) identical on the 
kernel of T^,, i.e. there exists an _F-automorphism (p' of the coordinate group Fj^^^j.,^ so that (f' {hi) ~ hi 
for every variable hi G Ker(T„) and the following diagram commutes 



4 



Lemma 7.4 (Lemma 2.5, jRaz87j ). There exists a finitely presented subgroup K of the group of 
automorphisms of a free group such that every automorphism from K induces an automorphism of 
'^^^Vncl(Tt,)' which, in turn, induces an automorphism of the coordinate group Fj^j^-y The finitely 
generated group of all automorphisms K' of Fjk^y^*) induced by automorphisms from K contains all the 
automorphisms invariant respect to the kernel of Ty . 

We use the notation of Lemma 17.41 Every automorphism of invariant with respect to the 

kernel is completely induced and, by definition, its dual belongs to K' . For every automorphism ip from 
K, there exists an algorithm to decide whether or not ip induces an automorphism of Indeed, 
in order to do so it suffices to check if the following finite family of universal formulas (quasi-identities) 
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holds in G: 

yHi,...,Hp[^{T*iH)) = lA{^i[H,,H,]) = l\^rih,,hj)}] ^ u{H) = 1: 

yHi,...,Hp[ip{T*{H)) = lA{ipi[H„Hj]) = l\^rih,,hj)}] ^ [H,,Hj] = l: 

yHl,...,Hp[T*iH) = lA{[H„H,]^^\^r{h^,hJ)}] ^ p{u{H)) = I; 

yH,,...,Hp[T*{H)^lA{[H,,H^] = l\^rih^,h,)}] ^ p{[H,, H,]) ^ I. 

for every equation u of the system T* and every pair [Hi, Hj) such that hj). This can be done 

effectively, since the universal theory of the group G is decidable, see |DL04| . We therefore get the 
following lemma. 

Lemma 7.5. The group of all automorphisms o/G/i(j2.) invariant with respect to the kernel of Qy is 
tame and recursive. 

In this case, we define Q3(f2u) to be the group of automorphisms of Guin*) invariant with respect to 
the kernel. 

Let tp(u) — 15. Apply derived transformation D3 and consider the generalised equation D3(r2t,) = 
riy. Notice that, since every boundary in the active part of fly that touches a base and intersects 
another base /i is /i-tied (i.e. assumptions of Case 14 do not hold), the function 7 is constant on closed 
sections of ily, i.e. j{hi) = ^{hj) whenever hi and hj belong to the same closed section of ily. Applying 
D 2, we can assume that every item in the section [1, j + 1] is covered exactly twice (i.e. j{hi) — 2 for 
every i = 1, . . . , j) and for all fc > j + 1 we have 7(/ife) > 2. In this case we call the section + 1] 
the quadratic part of We sometimes refer to the set of non-quadratic sections of the generalised 
equation Qy as to the non-quadratic part of fly. 

Let tp(i;) — 12. Then the quadratic part of fly is the whole active part of fly. 

A variable base fi of the generalised equation fl is called a quadratic base if fi and its dual A(/i) both 
belong to the quadratic part of fi. A base /i of the generalised equation fl is called a quadratic- coefficient 
base if /i belongs to the quadratic part of fl and its dual A(/i) does not belong to the quadratic part of 
fl. 

Let tp{v) = 12 or tp(w) = 15 and let [1, j + 1] be the quadratic part of fly. An automorphism (p of the 
coordinate group G/j(f^^») is called invariant with respect to the non- quadratic part if it is completely 
induced (see Definition l7.2p and its dual is invariant with respect to the non-quadratic part in the sense 
of Razborov, |Raz87j . We now recall the definition of an automorphism invariant with respect to the 
non-quadratic part in the sense of Razborov. 

Let be a non-constrained generalised equation over the free monoid F, and i^ij(x*) be its coordinate 

group over F, where F is the free group with basis A. Denote by Ty the generalised equation obtained 
from T„ by removing all non-quadratic bases, all quadratic-coefficient bases and all coefficient equations. 

Let be the natural homomorphism from ^[''']yncl(T„) ^-R(t*)- 

An automorphism ip of the coordinate group i^fl(x*) is called invariant with respect to the non- 
quadratic part, see |Raz87j . if there exists an automorphism (p of the group ^[^]yncl(T,j) ^'^ that for 
every quadratic-coefficient base i' of T^, one has ip{h{i')) = h{v), for every h^, z = j + 1, . . . , px„ (recall 
that + 1] is the quadratic part of T^,) one has ip{hi) — hi, and the following diagram commutes: 
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Lemma 7.6 (Lemma 2.7, jRaz87j l. There exists a finitely presented subgroup K of the group of 
automorphisms of a free group such that every automorphism from K induces an automorphism of 
'^^^\iic\{T y)' 'which, in turn, induces an automorphism of the coordinate group Fjk^x^*)- The finitely 
generated group K' of all automorphisms of Fjk^y^.') induced by automorphisms from K contains all the 
automorphisms invariant with respect to the non-quadratic part ofTy. 



We use the notation of Lemma 17.61 Every automorphism of ^^^(o*) invariant with respect to the 
non-quadratic part is completely induced and, by definition, its dual belongs to K' . An argument 
analogous to the one in the case of automorphisms invariant with respect to the kernel shows that 
for every automorphism ip from K, there exists an algorithm to decide whether or not ip induces an 
automorphism of G/jjo*). We thereby get the following lemma. 

Lemma 7.7. The group of all automorphisms o/Gfl(f^.) invariant with respect to the non-quadratic 
part of fly is tame and recursive. 

In this case, set 5J(rii,) to be the group of automorphisms of Gj^^q*^ invariant with respect to the 
non-quadratic part. 

In all other cases set ^{fly) = 1. 

7.2. The finite subtree To(il). As mentioned above, the aim of this section is to construct the finite 
subtree T'o(il) of T{^) as the subtree that does not contain prohibited paths. 

The definition of a prohibited path is designed in such a way that the paths p{H) in the tree T 
associated to the solution H do not contain them. Therefore, the nature of the definition of a prohibited 
path will become clearer in Section [7.31 

By Lemma [4. 191 infinite branches of the tree T(17) correspond to the following cases: 7 < tp{vk) < 10 
for all fc, or tp{vk) — 12 for all fc, or tp{vk) — 15 for all k. We now define prohibited paths of types 
7-10, 12 and 15. 

Definition 7.8. We call a path — » U2 — > . . . ^ -Ufc in T(rj) prohibited of type 7-10 if 7 < tp(wi) < 10 
for all i = 1, . . . , A: and some generalised equation with p variables occurs among {riy. | 1 < z < ^} at 
least 24'''-(2'+i) + 1 times. 

Similarly, a path wi — > — ^ • ■ • ^ i^fe in T(yi) is called prohibited of type 12 if tp{vi) — 12 for all 
i = 1, . . . ,k and some generalised equation with p variables occurs among {^y^ \ 1 < i < V\ 'At least 
2V-(2-+i) + 1 times. 



We now prove that an infinite branch of T{^) of type 7-10 or 12 contains a prohibited path of type 
7-10 or 12, correspondingly. 

Lemma 7.9. Let vq ~f vi —>■... ^ v„ —>■■■ . be an infinite path in the tree T{Q), where 7 < tp{vi) < 10 
for all i, and let Qyg,fly-^, . . . ,^v^, ... be the sequence of corresponding generalised equations. Then 
among {fiy^} some generalised equation occurs infinitely many times. Furthermore, if ^v^. = then 
Tr{vk,vi) is a <G- automorphism ofGjK^Q' j invariant with respect to the kernel ofQy^. 

Proof. By Lemma [4.181 we have that comp(f2„^) < comp(57i,Q) and < £,{i^vo) for all k. We, 

therefore, may assume that comp — comp{ily^) = comp(0„Q) and i^(r2^^. ) — £,{flyg) for all k. It follows 
that all the transformations ET 5 introduce a new boundary. 

For all fc, the generalised equations Ker(Ti,j.) have the same set of bases, recall that T^^, ~ D3(T„j.). 
Indeed, consider the generalised equations T^^. and T^^.^^. Since tp(ufc) ^ 3,4, the active part of T^^. 
does not contain constant bases. 

If tp(ufe) = 7, 8, 10, then T^^.^^ is obtained from T„^_ by cutting some base which is eliminable in 

Ty^, and then deleting one of the new bases, which is also eliminable, since it falls under the assumption 
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a) of the definition of an eliminable base. Since every transformation ET 5 introduces a new boundary, 
the remaining part of the base /i falls under the assumption b) of the definition of an eliminable base. 
Therefore, in this case, the set of bases that belong to the kernel does not change. 

Let tp(wfe) = 9. It suffices to show that, in the notation of Case 9, all the bases of T„^,^j obtained 
by cutting the base /i2 do not belong to the kernel. Without loss of generality we may assume that 
0(112) is a closed section of T^^.. Indeed, if <j{^2) is not closed, instead, we can consider one of its closed 
subsections a' in the generalised equation . 

Notice that, since (j{fi2) is closed, every boundary that intersects fii and fi2 in Ty^, touches exactly 
two bases in Tt,^ . Thus, for every boundary connection [p, /12, q) in Tt,^,^^ either the boundary p or the 

boundary q touches exactly two bases in T„^,^j . 

Construct an elimination process (see description of the derived transformation D 4) for the gener- 
alised equation T^^ and take the first generalised equation in this elimination process, such that the 
base eliminated in this equation was obtained from either pi or ^2 or A(/ii) or A(/i2) by applying 
D3 to T„j.. The base v could not be obtained from fii or /i2, since every item in the section cr{n2) is 
covered twice and every boundary in this section touches two bases. 

If ly falls under the assumption of case b) of the definition of an eliminable base, then 



We now construct an elimination process for the generalised equation T^^.^^. The first i steps of the 
elimination process for T^^.^^^ coincide with the first i steps of the elimination process constructed for 
the generalised equation T„^, . Then the eliminable base v of corresponds to a base v' obtained from 
either fj,2 or A(/i2) by applying D3 to T^j^.^^. The base i^' is eliminable. 

Notice that one of the boundaries a{i'), (3{v), a(A(;y)) or a(A(^)) touches just two bases. Therefore, 
after eliminating v' , this boundary touches just one base 77 that was obtained from /i2 or A(/^2)- The 
base 77 falls under the assumptions b) of the definition of an eliminable base. Repeating this argument, 
one can subsequently eliminate all the other bases obtained from 112 or A(/i2)- It follows that all the 
bases of the generalised equation T„^^j^, obtained from /i2 or A(/i2) do not belong to the kernel. 

We thereby have shown that the set of bases is the same for all the generalised equations Ker(T,u^ ) and 
thus the set of bases is the same for all the generalised equations Ker(r2i,^). We denote the cardinality 
of this set by n' . 

We now prove that the number of bases in the active sections of ^1^^ , for all fc, is bounded above by 
a function of r2.„„ : 



By Lemma [4. 181 tp(''^fc-i) = 10. It follows that tp(wfe_i) ^ 5, 6, 7, 8, 9. Therefore, every active section of 
^vk-i either contains at least three bases or contains some base of the generalised equation Ker(f2„^_j). 
Let Ufe_i and Wk-i be the number of active sections of ^vk-i that contain one base and more than one 



either a{v) G {a(A(Mi)), a(A(/i2))} or e {/3(A(7ii)), /3(A(m2))}. 



(31) nA(rj„j^) < 3comp+6n' + 1. 

Indeed, assume the contrary and let k be minimal for which inequality (|3ip fails. Then 

(32) nA{^vk-i ) ^ 3 comp +6n + 1, UAi^v^ ) > 3 comp +6n' + 1. 
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Since the number of bases and number of items is bounded above, the set {^Vk I k e N} is finite and 
thus some generahsed equation occurs in this set infinitely many times. 

Since, by assumption, the edges Vj Uj+i, j = k, . . . ,1 — 1 are labelled by 
isomorphisms, the homomorphism ■K{vk,vi) is an automorphism of the coordinate group CJ^^q* j. 

By Lemma 14.61 and Lemma 14.111 there exists an epimorphism 7r(wfe,w;)' from ^i?(Tj ) to Fjk^x* )■ 
Since i^H(T* ) ^ finitely generated residually free group and therefore is residually finite, by a theorem 
of Mal'cev, -Fr(tj ) is Hopfian. Thus the epimorphism 7r(wfe,t);)' is an automorphism of Fjk^x* )■ This 
shows that the automorphism Tr{vk,vi) is completely induced and ^{vkjViy is its dual. We are left to 
show that Tr{vk,viy is invariant with respect to the kernel (in the sense of Razborov, |Raz87| ). 

As shown above, 

Ker(T,J = Ker(T,,^J = • • • = Ker(T,,). 

From the above, it follows that Ker(T„.^j) is obtained from Ker(T„.) by introducing new boundaries 
and removing some of the items that do not belong to the kernel of T^.^^. Therefore, the number of 

items that belong to the kernel Ker(Ti,;^j^) can only increase. As fl^^. — fii,, , so this number is the same 
for alH, z = fc, . . . , ^ — 1. It follows that ^{vkjVi)' {hi) = hi for all hi that belong to the kernel of Ti,^ . 

Since the transformations that take the generalised equation T^j^. to Tt,^^^ do not involve bases that 
belong to the kernel of T„j. , the same sequence of transformations can be applied to the generalised 
equation , where T„j. is obtained from by removing all coefficient equations and all bases that 
belong to the kernel of T^^^ . 

Since, by assumption, every time we fi-tie a boundary a new boundary is introduced, we get that 
the epimorphism from F ~* to F ~* is, in fact, an isomorphism. We therefore get the following 

commutative diagram (see the definition of an automorphism invariant with respect to the kernel, 
Section mi): 

^mrtj 

4. ^ 

It follows that the automorphism Tr{vk , w/)' is invariant with respect to the kernel in the sense of Razborov 
and thus the automorphism n(vk, vi) is invariant with respect to the kernel of ^vk- ^ 

Corollary 7.10. Let p ~ vi . . . Vn ■ ■ ■ be an infinite path in the tree T{Q), and 7 < tp{vi) < 10 
for all i. Then p contains a prohibited subpath of type 7-10. 

Lemma 7.11. Let vq ^ Vi . . . Vn ■ ■ ■ be an infinite path in the tree T(fl), where tp{vi) — 12 
for all i, and Cly^ , fly-^ , . . . , j • ■ ■ be the sequence of corresponding generalised equations. Then among 
{^vi} some generalised equation occurs infinitely many times. Furthermore, if^lvk = ^vi, then 7r(ufe,ti;) 
is a G- automorphism of the coordinate group Gfl(f2* ) invariant with respect to the non-quadratic part. 

Proof. Notice that since Q,^^ is a quadratic generalised equation, quadratic-coefhcient bases of 0,^^ are 
bases whose duals belong to the non- active part. 

Let ^i be the carrier base of the generalised equation Q.^^. Consider the sequence ^o, • • ■ , Mii ■ ■ • of 
carrier bases. By Lemma [4.181 if tp(z;i) = 12, then n^(r2„.^j) < n^(ri„J. Furthermore, if the carrier 
base is quadratic-coefficient, then this inequality is strict. Hence, it suffices to consider the case when 
all carrier bases are quadratic. 

The number of consecutive quadratic bases in the sequence ni, . . . , ^i, . . . is bounded above. Indeed, 
by Lemma 14.181 when the entire transformation is applied, the complexity of the generalised equation 
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does not increase. Furthermore, since the generalised equation is quadratic and does not contain free 
boundaries, the number of items does not increase. The number of constrained generahsed equations 
with a bounded number of items and bounded complexity is finite and thus some generalised equation 
occurs in the sequence {f^wi} infinitely many times. 

Obviously, if fly,, — fit,,, then TT{vk,vi) is a G-automorphism of ). 

By Lemma [4.61 and Lemma [4.111 there exists an epimorphism TT{vk,viy from Ffj(x» ) to -Fr(t* )■ 
Since Fjk^x* ) is a finitely generated residually free group and therefore is residually finite, by a theorem 
of Mal'cev, Ffj(x* ) is Hopfian. Thus the epimorphism TT{vk,viy is an automorphism of Fi?(T* )■ This 
shows that the automorphism Tr{vk,vi) is completely induced and ■n{vk^vi)' is its dual. We are left 
to show that 'K[vk,vi)' is invariant with respect to the non-quadratic part (in the sense of Razborov, 
[HazSTQ . 

From the definition of the entire transformation D 5, it follows that the number of items that belong 
to a given quadratic-coefficient base can only increase. As = fJ^j , so this number is the same for all 
i, i = k, . . . ,1. It follows that n(vk, vi)'{hi) = hi for all hi that belong to a quadratic-coefficient base. 

Since the transformations that take the generalised equation T^,;, to T„^^j involve only quadratic 

bases of Ty^, , the same sequence of transformations can be applied to the generalised equation , 

where T^j. is the generalised equation obtained from T„j. by removing all non-quadratic bases, all 
quadratic-coefficient bases and all coefficient equations. 

Since, by assumption, every time we /i-tie a boundary a new boundary is introduced, we get that 
the epimorphism from F ~* to F ~* is, in fact, an isomorphism. We therefore get the following 

commutative diagram (see the definition of an automorphism invariant with respect to the non-quadratic 
part. Section [7T|) : 

7r('Jfc,i'l)' 

It follows that the automorphism n{vk, vi)' is invariant with respect to the non-quadratic part of in 
the sense of Razborov and thus the automorphism n(vk, vi) is invariant with respect to the non-quadratic 
part of . □ 

Corollary 7.12. Let p = t;i t;„ . be an infinite path in the tree T{Q), and tp{vi) = 12 

for all i. Then p contains a prohibited subpath of type 12. 



Below we shall define prohibited paths of type 15 in T{^). In this case, the definition of a prohibited 
path is much more involved. 

We need some auxiliary definitions. Recall that the complexity of a generalised equation U, is defined 
as follows: 

comp — comp(i7) = max{0, n{a) — 2}, 

where n(tT) is the number of bases in a. Let r„ = T{Vly) = comp(r2„) -\- p — p'^, where p = is the 
number of variables in the initial generalised equation and p[, is the number of free variables belonging 
to the non-active sections of the generalised equation fi^. We have p'y < p (see the proof of Lemma 
I4.19p . hence t„ > 0. If, in addition, vi V2 is an auxiliary edge, then Ty^ < Ty-^. 

We use induction on Ty to construct a finite subtree To{Qy) of T(fi„), and the function s(il„). 
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The tree To(il„) is a rooted tree at v and consists of some of the vertices and edges of T{U) that he 
above v. 

Suppose that = 0. It follows that comp{^ly) = 0. Then in T{^1) there are no auxiliary edges. 
Furthermore, since comp(rii,) = 0, it follows that every closed active section contains at most two bases 
and so no vertex of type 15 lies above v. We define the subtree To{ily) as follows. The set of vertices 
of To(rii,) consists of all vertices vi of T{il) that lie above v, and so that the path from v to vi does 
not contain prohibited subpaths of types 7-10 and 12. By CoroUarv 17.101 and Corollarv l7.12( To{ny) is 
finite. 

Let 

(33) s{ny) = max max pn„ • {fo{^w,'P,R)}, 

w {V.R) 

where max is taken over all the vertices of ro(f2^) for which tp(ii;) = 2 and fi^ contains non-active 

w 

sections; max is taken over all regular periodic structures such that the generalised equation is 

regular with respect to {V,R); and /o is the function from Lemma [6.201 

Suppose now that r„ > 0. By induction, we assume that for all vi such that r^^ < r„ the finite tree 
To(r2„J and s(rii,J are already defined. Furthermore, we assume that the full subtree of T{Q) whose 
set of vertices consists of all vertices that lie above v does not contain prohibited paths of type 7-10 
and of type 12. Consider a path p in T{il): 

(34) Vi ^ V2 ^ ■ . . -* Vm, 

where tp(wi) = 15, 1 < i < m and all the edges are principal. We have Ty. = Tv 

Denote by /i^ the carrier base of the generalised equation r2„^. . Path p4p is called ^-reducing if /ii = /i 
and either there are no auxiliary edges from the vertex V2 and /i occurs in the sequence /ii, . . . , /im-i at 
least twice, or there are auxiliary edges V2 wi, V2 ^ W2-, ■ ■ ■ ,V2 ^ Wn and /i occurs in the sequence 
/ii, . . . , /i„i-i at least max s(r2^.) times. We will show later, see Equation (f52|) . that, informally, in 

any /i- reducing path the length of the solution H is reduced by at least of the length of H{^), hence 
the terminology. 

Definition 7.13. Path is called prohibited of type 15, if it can be represented in the form 

(35) piSi...p,s,p', 

where for some sequence of bases 771 , . . . , 77; the following three conditions are satisfied: 

(1) the path p^ is r^i-reducing; 

(2) every base /ii that occurs at least once in the sequence . . . , /im-i, occurs at least 
40n^/i(ri^2) -I- 20n -|- 1 times in the sequence 771,..., 77;, where n = \BS{^lv.)\ is the num- 
ber of all bases in the generalised equation , and /i is the function from Lemma I7.18[ in 
other words, in a prohibited path of type 15, for every carrier base /i^ there exists at least 
40n^ fi{Qy^) + 20n + 1 many ^^-reducing paths. 

(3) every transfer base of some generalised equation of the path p is a transfer base of some gener- 
alised equation of the path p'. 

Note that for any path of the form in T{il), there is an algorithm to decide whether this path 
is prohibited of type 15 or not. 

We now prove that any infinite branch of the tree T(yi) of type 15 contains a prohibited subpath of 
type 15. 

Lemma 7.14. Let p = vi Vn —>■■■ ■ be an infinite path in the tree T(fl), and tp(vi) — 15 for 

all i. Then p contains a prohibited subpath of type 15. 
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Proof. Let uj be the set of all bases occurring in the sequence of carrier bases fii, fj,2, ■ ■ ■ infinitely many 
times, and w be the set of all bases that are transfer bases of infinitely many equations f2«. . Considering, 
if necessary, a subpath p of p of the form Vj f^+i one can assume that all the bases in the 

sequence ^i, ^2 ■ ■ ■ belong to lo and every base which is a transfer base of at least one generalised 
equation belongs to Cj. Then for any fi (z uj the path p contains infinitely many non-intersecting /i- 
reducing finite subpaths. Hence there exists a subpath of the form (j35p of p which satisfies conditions 
([Ij and ^ of the definition of a prohibited path of type 15, see Definition 17.131 Taking a long enough 
subpath p' of p, we obtain a prohibited subpath of p. □ 

We now construct the tree To(f2). Let T'(f2i,) be the subtree of T{ilv) consisting of the vertices vi 
such that the path from v to vi in r(f2) does not contain prohibited subpaths and does not contain 
vertices V2 ^ vi such that t^^ < Ty. Thus, the leaves of T'{fly) are either vertices vi such that r„j < 
or leaves of T{i}y). 

The subtree T'{Hy) can be effectively constructed. The tree To{ftv) is obtained from T'(rii,) by 
attaching (gluing) ro(r2^j) (which is already constructed by the induction hypothesis) to those leaves 
vi of T'{ily) for which t„j < r„. The function s(r2„) is defined by ([55)1 . Set To{il) ~ To{nyg), which is 
finite by construction. 

Definition 7.15. Denote by Aut(r2), il = il^,,,, the group of automorphisms of GfK^n'), generated by 
all the groups TT{vo,v)V{flv)n{vo,v)^^ , v E To{V,), tp{v) 7^ 1 (thus tt{vo,v) is an isomorphism). Note 
that by construction the group Aut(il) is recursive. 

We adopt the following convention. Given two solutions iJ ^^'^ of fit,, and ' of fi^,' , by <Aut(n) 
we mean ij(') <7:{vo,v^,)~^ Ant{n)7T{vo,v,) H^"-"^. 
Lemma 7.16. Let 

{n,H) = (i7„„,ffW) ^ (!}„,, i/(i)) -> .. . (r!.,,ff(')) 

be the path defined by the solution H . If H is a minimal solution with respect to the group of auto- 
morphisms Aut(r2), then H^"^^ is a minimal solution of Qy- with respect to the group 2J(r2„J for all 
i. 

Proof. Follows from Lemma ISTSl □ 

7.3. Paths p{H) are in TQ{n). The goal of this section is to give a proof of the proposition below. 

Proposition 7.17. For any solution H of a generalised equation D, there exists a leaf w of the tree 
To(r2), tp(w) = 1,2, and a solution ijl™! of the generalised equation 0,^, such that 

(1) <Aut(n) H; 

(2) if tp(w) = 2 and the generalised equation ily, contains non- constant non- active sections, then 
there exists a period P such that ijl™! is periodic with respect to the period P , and the generalised 
equation 0,^, is singular or strongly singular with respect to the periodic structure V{H^^\P). 

The proof of this proposition is rather long and technical. We now outline the organisation of the 
proof. 

In part (A), for any solution H of ft we describe a path p{H) : (f7„„, i?™) ^ > (rj„, , i/W), where 

-ff''' <Aut(n) H. 

In part (B) we prove that all vertices of the paths p(-ff) belong to the tree Tq. In order to do so we 
show that they do not contain prohibited subpaths. In steps (I) and (II) we prove that the paths p{H) 
do not contain prohibited paths of type 7-10 and 12, correspondingly. The proof is by contradiction: if 
p{H) is not in To, the fact that a generalised equation repeats enough times, allows us to construct an 
automorphism that makes the solution shorter, contradicting its minimality. 
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To prove that the paths p{H) do not contain prohibited paths of type 15 (step (III)) we show, by 
contradiction, that on one hand, the length of minimal solutions is bounded above by a function of the 
excess (see Definition 14.81 for definition of excess), see Equation and, on the other hand the length 
of a minimal solution H such that p{H) contains a prohibited path of type 15 fails inequality ((44l) . 

Finally, in part (C) we prove that the pair (ilm, i/I™!), where w is a leaf of type 2, satisfies the 
properties required in Proposition 17.171 

(A): Constructing the paths p{H). To define the path p{H) we shall make use of two functions e 
and e' that assign to the pair (f7„, i/^"-') a pair {n^,,H^'"">), where either v' = V or there is an edge 
V ^ v' in T{Q). The function e can be applied to any pair (il„,i/^^^), where tp(-y) ^1,2 and the 
function e' can only be apphed to a pair (fi^, i/^^^), where tp(w) — 15 and there are auxihary edges 
outgoing from the vertex v. 

We now define the functions e and e'. 

Let tp(w) = 3 or tp(t;) > 6 and let v —^ wi, . . . ,v Wm be the list of all principal outgoing edges 
from V, then the generalised equations Q^-^ , ■ ■ ■ , ^Wrr, obtained from by a sequence of elementary 
transformations. For every solution H the path defined by H is unique, i.e. for the pair (f2, H) there 
exists a unique pair (r^tu^, i/^*)) such that the following diagram commutes: 

Gfl(n.) ^ '^Ri^tui) 




Define a function e that assigns the pair (fl^.jH^^^) to the pair {Qy,H), e{Qy,H) ~ (f7^. , iJ^*-*). 

Let tp{v) = 4 or tp{v) = 5. In these cases there is a single edge w — > lui outgoing from v and this 
edge is auxihary. We set e(ri„,iJ) = (f^^^ , i?^^^). 

If tp(f) = 15 and there are auxiliary outgoing edges from the vertex v, then the carrier base fi 
of the generalised equation 0„ intersects with A(/i). Below we use the notation from the description 
of Case 15.1. For any solution H of the generalised equation ri„ one can construct a solution H' of 
the generalised equation fl^r as follows: H'^^^i = [1, /3(A(/i))]. We define the function e' as follows 

To construct the path p{H) 

(36) in,H)^ {n,, , M ) ^ {n,, , in )->... 

we use induction on its length i. 

Let i = 0, we define if^"' to be a solution of the generalised equation minimal with respect to 
the group of automorphisms Aut(il), such that if^^l <Aut(n) H. Let i > 1 and suppose that the term 
(n„.,i?W) of the sequence ([55]) is already constructed. We construct ($1^,.^^ , ijl^+^l) 

If 3 < tp{vi) < 6, tp{vi) = 11,13,14, we set (rj„,^, , Tjl^+il) = e(17„,,i/H). 

If 7 < tp(vi) < 10 or tp(tii) — 12 and there exists a minimal solution of fly^ such that <Aut(n) 
and \H+\ < then we set (n„._^,, ffl^+^l) = (fi„,,ff+). Note that, since i/M is a minimal 

solution of n with respect to the group of automorphisms Aut(f2), by construction and by Lemma [7.161 
we have that the solution is minimal with respect to the group of automorphism ^{Qy.) for all i. 
Although i/t'I is a minimal solution, in this step we take a minimal solution of minimal total length, 
see Remark 15.61 
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Let tp(wi) — 15, Vi Vi^i and Vi wi, . . . , —* Wn be the auxiliary edges outgoing from Vi (the 
carrier base fj, intersects with its dual A(//)). If there exists a period P such that 

(37) i/M[l,/?(A(Ai))] = P'Pi, P = P1P2, r > max s(r!^J, 

l<i<n 

then we set ($7^.^^, i/^'+^l) — e'{riy., H^^^) and declare the section [1, /3(A(/i))] non-active. 
In all the other cases (when tp(i;,) = 15) we set (17,„,^,, i/I^+il) = e(a„,,i7W). 
The path ^ ends if tp(ui) < 2. 

A leaf w of the tree T{^l) is called /irzaZ if there exists a solution H of fJ^^ and a path p{H) such that 
p(i/) ends in w. 

(B): Paths p{H) belong to Tq. We use induction on r to show that every vertex Vi of the path p{H) 
(see Equation (|36p ) belongs to To(ri), i.e. S Tb(f^)- Suppose that Vi ^ To{^l) and let io be the least 
among such numbers. It follows from the construction of To{Q) that there exists ii < io such that the 
path from Vi-^ to Vi^ contains a prohibited subpath s. From the minimality of io it follows that the 
prohibited path s goes from Vi^ , ii < ?2 < *o to Vi^ . 

(I): Paths p{H) do not contain prohibited subpaths of type 7-10. Suppose first that the prohibited path 
s is of type 7-10, i.e. 7 < t-p{vi) < 10. By definition, there exists a generalised equation 17^^^ that 

4p^ -(2 ''1 +1) 

repeats r = 2 +1 times, i.e. 

(T.,^,3?T„,^) = --- = (T.,„,3?T„,^). 

Since the path s is prohibited, we may assume that 7^ ^^fei+i for all i and 7^ Vki+i for all i, i.e. 
(f]„,_^„i?['=-+il) = e(f7.,^,i7['='l). 

We now prove that there exist kj and kj' , kj < kj' such that H^'^j'^ <A_nt{n) H^^^^ . 

Since, the number of different 2pn„^ x 2psi„^ cancellation matrices (see Definition 15. 4p is bounded 

above by r, if the generalised equation il^^^ repeats r times, there exist kj and kji such that i/I'^jl 
and ijl'^j'l have the same cancellation matrix, i.e. satisfy conditions ^ and ([3]) from Definition 15.11 
Moreover, by Lemma 17. 9[ T^{vkj,Vk-,) is an automorphism of ) invariant with respect to the 

kernel of VLy, . 

By Remark 14.201 we have > This derives a contradiction, since, by construction of 

the sequence (j36p one has Wfe +1 = Vk -. 



(II) : Paths p (H) do not contain prohibited subpaths of type 12. Suppose next that the path s is prohibited 
of type 12, i.e. tp(wi) — 12. An analogous argument to the one for prohibited paths of type 7-10, but 
using Lemma [7.111 instead of Lemma [77^ leads to a contradiction. Hence, we conclude that Vi £ To(ri), 
where tp(wi) — 12. 

(III) : Paths p(H) do contain prohibited subpaths of type 15. Finally, suppose that the path s is prohibited 
of type 15, i.e. tp(i;i) = 15. Abusing the notation, we consider a subpath of p6p 

(o., , w ) ^ , ) ^ . . . ^ , M ) ^ . . . ^ 

where vi,V2, . ■ . are vertices of the tree To(ri), t^{vi) = 15 and the edges Vi Vi+i are principal for all 
i. Notice, that by construction the above path is the path defined by the solution i?^^-* — H^^^: 

(38) {n,, , ijd)) ^ (r!,, , ^ . . . ^ (n,^ , . . . , 

To simplify the notation, below we write pi for . 
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Let uj — {/ii, . . . , fim, . . .} be the set of carrier bases fit of the generahsed equations 's and let co 
denote the set of bases which are transfer bases for at least one generalised equation in ([38]) . By lu2 we 
denote the set of all bases v of fit,. , i = 1, . . . , to, . . . so that v, A{i') ^ ujU Cj. Let 

a{uj) = min I min{a(^)}, > , 

where pA is the boundary between the active part and the non- active part. 

For every element of the sequence ([38]), using D3, if necessary, we make the section 

[l,Q!(a;)] of the generalised equation fi^. closed and set [a{u!),pi] to be the non-active part of the 
generalised equation fl^. for all i. 

Recall that by uji we denote the set of all variable bases for which either or A(z^) belongs to the 
active part [l,a(aj)] of the generalised equation 51^,^, see Definition 14.81 

(IILl): Lengths of minimal solutions are bounded by a function of the excess. Let H he a solution of 
the generalised equation fl and let [1, j + 1] be the quadratic part of il. Set 

i—l V 

where is a quadratic-coefficient base. 

Lemma 7.18. Let v be a vertex ofT{n), tp(w) — 15. There exists a recursive function fi{Qv) such 
that for any solution H minimal with respect to 9J(i7i,) one has 

di{H) < /i(a,)max{d2(-ff),l}. 

Proof. Since tp(u) = 15, every boundary that touches a base is ?7-tied in every base rj which it intersects. 
Instead of Qy below we consider the generalised equation 51^ — D3{Qy) which does not have any 
boundary connections. Then Gij(o*) is isomorphic to G^^q.^. We abuse the notation and denote fly 
by Qy. 

Consider the sequence 

{ny,H) = ^ {ny, , h^)) ^ . . . ^ (a,, i^'^^) 

where (H.^^^-^, H^^^^^) is obtained from {fly^, H^^"') by applying the entire transformation D 5 in the 
quadratic part of fl. Denote by pi the carrier base of the generalised equation fly. and consider the 
sequence pi, . . . , pi, . . . 

We use an argument analogous to the one given in the proof of Lemma fT.lll to show that the number of 
consecutive quadratic bases in the sequence pi, . . . , pi, . . . is bounded above. The entire transformation 
applied in the quadratic part of a generalised equation, does not increase the complexity and the 
number of items. The number of constrained generalised equations with a bounded number of items 
and bounded complexity is finite. 

We now prove that if a generalised equation il^,^ repeats r = 2 '"i ^ ''i + 1 times, then there exist 
kj and kf such that H'^^i'^ <aj(n„ ) H'-^^^ 

Since, the number of different 2pk^ x 2^^^ cancellation matrices (see Definition [53|) is bounded above 
by r, if the generalised equation O^,^^ repeats r times, there exist kj and kji such that ijC^j) and ij'^'^j'^ 
have the same cancellation matrix, i.e. satisfy conditions ([2]) and Q from Definition 15. II 

Moreover, by Lemma l7.11[ the automorphism 7r(wfc^. , Wfc , ) of Gi^(o* ) is invariant with respect to the 

non-quadratic part of VLy^ . 
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By Remark 11201 we have \H'^''r)\ < lijC^^)]. We, therefore, have that i/C^^'' <^m, ) H^''^\ 

contradicting the minimahty of H^'^^\ Thus, we have proven that the number of consecutive quadratic 
carrier bases is bounded. 

Furthermore, since whenever the carrier base is a quadratic-coefficient base the number of bases in 
the quadratic part decreases, there exists an integer N bounded above by a computable function of the 
generahsed equation, such that the quadratic part of fJ^^ is empty. 

We prove the statement of the lemma by induction on the length i of the sequence. If z = iV — 
1, since the application of the entire transformation to results in a generalised equation with 

the empty quadratic part, the carrier ^n~i is a quadratic-coefficient base and all the other bases 
i/AT-i^i, . . . , I'Tv-i.njv-i s-re transfer bases and are transferred from the carrier to its dual. Since the 
length |if(^^^)(j/Ar_i,i)| of every transferred base is less than the length of the carrier, we get that 

njv-l 

By induction, we may assume that < max {(i2(i?''*^^-'), l}, where gi+i is a 

certain computable function. We prove that the statement holds for iJ*^*). 

Suppose that the carrier base /i^ is quadratic and let t'^^i, . . . , Vi^m be the transfer bases of ^vi- Then 

n=l 

where Vi^ni n = 1, . . . ,ni are bases of ^^vi+i ■ Thus, by induction hypothesis, we get 
J2 \H^'+'H>^'.n)\ < n,.g,+i(r!,„,+Jmax{d2(ff(*+i)),l} . 

n=l 

Notice that the sets of quadratic-coefficient bases of il^,. and ^vi+i coincide, thus d2{H'-^^^^) = d2{H^^'>). 
Therefore, 

< -\H^'+'\^^^)\) +5.+i(f^.,+J-niax{d2(i?^'+^)),l} < 

< {n, + 1) •(7,+i(17„^+J • max{d2(i/''+'^), l} = g^iflv,) ■ max {d2(i/('^), l} . 

Suppose now that the carrier base fj,i is a quadratic-coefficient base and let z/i,i, . . . , fi^n; be the 
transfer bases of the generalised equation fl^^. Since the duals of the transferred quadratic bases 
become quadratic-coefficient and since |-ff*^*)(i-'i_„)| < n = 1, . . . , n^, we get that 

n=l 

<i + (n, + l)|i/«(M,)l < in, + l)(^L+\H^'\fi,)\) =in, + l)-d2{H'^'^), 
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where L = ^ \H'^'H>^)\ and the sum is taken over aU bases that are quadratic-coefBcient in both ily. 

X 

and ^vi+i- Therefore, 

{\H(■H^i^)\ - \H^'+'H^^^)\) +diiH^'+'y) < 
< |i/W(Ai,)l+5m(^^...+i)-niax{d2(H("+i)),l} < 

< \H<-'Kti,)\ + {n, + 1) • • max [d2iH<^'^), l} < 

< in, + 2) • ft+i(f^..+J • max {d2(i?«), l} = g^ift,,) ■ max [d2{H^'^), l} . 

The statement of the lemma fohows. □ 

Recah, that by 51 we denote the generahsed equation obtained from Q applying D 3. Consider the 
section of il^^ of the form [l,Q;(a;)]. The section [1,Q!((jj)] lies in the quadratic part of fi^jj. Let B' be 
the set of quadratic bases that belong to [l,a(w)] and let 5J'(rj„j) be the group of automorphisms of 
^R{n*) that are invariant with respect to the non-quadratic part of 51^^ and act identically on all the 
bases which do not belong to B' . By definition, ^'{fly-^) < QJ(rit,j). Thus the solution H^^'> minimal 
with respect to 5J(rii,^) is also minimal with respect to By Lemma [7. 181 we have 

(39) di{H^'^) < /i(r!„Jmax{d2(if'''),l}. 
Recall that (see Definition 14. 8p 

Q(aj) — 1 

(40) dA^{H)^ J2 l^'-l' V'As(ff)= 51 l^('^)|-2dAs(ff). 

Our next goal is, using inequality (|39p . to give an upper bound of the length of the interval dAT.{H'"^^) 
in terms of the excess V'ae and the function /i(ri^j), see inequality (|45l) . 
Denote by 7i(w) the number of bases /i G ti^i containing hi. Then 

(41) E |ff''HA^)|-El^f^l7.(t^), 

^^ui i—l 

where p = pn^-^ ■ Let I = {i\l<i< a{Lo) — 1 and 7^ — 2}, and J — {i\\<i< a{Lj) — 1 and 7^ > 2}. 
By d?]) we have: 

(42) d^.(i/(^)) = E l^.^'^l + E l^i^'l - d,{H^'') + E l^i'^l- 

Let A, A(A) be a pair of variable quadratic-coefficient bases of the generalised equation 17^^ , where A 
belongs to the non-quadratic part of fi^jj . When we apply D 3 to ^1^^ thereby obtaining fi^^ , the pair 
A, A(A) is obtained from bases p £ uji. There are two types of quadratic-coefficient bases. 

Type 1: variable bases A such that /3(A) < a(w). In this case, since A belongs to the non-quadratic 
part of flvi, it is a product of items {hi | i e J} and thus |-ff(A)| < ^ Thus the sum 

i£,J 

of the lengths of quadratic-coefficient bases of Type 1 and their duals is bounded above by 
2n J2 where n is the number of bases in Q. 

Type 2: variable bases A such that a(A) > a{uj). The sum of the lengths of quadratic-coefficient bases 

of the second type is bounded above by 2 • J2 1^1 \ji{uj). 
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We have 

(43) d,iH^'y)<2nY,\Hl'^\ + 2- ^ |i?f^|7.M. 

iGJ i—a(uj) 

Then from (gD]) and (gl]) it foUows that 

(44) i^A^iHP)>J2\Hl'^\+ ^ |i/f^|7.M. 

From Equation (gH), using inequahties (gS]), (gS]), (gl) we get 

(45) d^s (i/ ) < max { ^^s (if ) (2n/i (17,,, ) + 1) , /i (n,,, ) } . 

(III. 2): Minimal solutions H such that p{H) contains a prohibited subpath of type 15 fail inequality (j44p . 
Let the path ui —> U2 —>...—> corresponding to the sequence ([55)1 be /x-reducing, that is /ii = /i 
and, either there are no outgoing auxiliary edges from V2 and n occurs in the sequence /ii, . . . , Hm-i at 
least twice, or V2 does have outgoing auxiliary edges V2 ^ wi, . . . ,V2 ^ Wn and the base /x occurs in 
the sequence /ii, . . . , /im-i at least max s(r2u,. ) times. 

l<i<n 

m — 1 

Set Si = dyis(_ff(*)) — dyis(_ff(*+^)). We give a lower bound for J2 i-^- we estimate by how much 

i=l 

the length of a solution is reduced in a /i-reducing path. 

We first prove that if /i^^ — fii^ = fi, ii < i2 and fii ^ /i for ii < i < 12, then 

(46) £5,>|i/('^+i)[l,a(A(M,,+i))]l- 
Indeed, if Z2 = + 1 then 

5,, = |ij(^^)[l,a(A(^))]| = |ij(*^+^)[l,«(A(A.))]|. 
If i2 > ii + 1, then fJ-i-^+i 7^ fJ. and /x is a transfer base in the generalised equation Qy._^^-^ and thus 

(47) <5.,+i + |i/(^^+2)[l,a(Ax)]| - |i/('^^+i)[l,a(A(Mu+i))]|. 
Since fi is the carrier base of fii,.^ we have 

(48) '5,>|i/(^^+2)[l,a(M)]|. 

i=ii+2 

From (gS]) and (gT]) we get (gS]). 

We want to show that every /i-reducing path reduces the length of a solution H^^^ by at least 
^\H'-^\fi)\, see inequality To prove this we consider the two cases from the definition of a 

/i-reducing path. 

Suppose first that V2 does not have any outgoing auxiliary edges, i.e. the bases /12 and A(/i2) do not 
intersect in the generalised equation Qy^ , then (|46p implies that 

m — 1 

J2S,> |i/(2)[i,„(A(^,2))]| > |i7(2)(/,2)| > |ff(2)(/i)| = |ff(i)(/i)| 

i=l 

which, in turn, implies that 

m — 1 

(49) E^^^ 9l^^'^(^)l- 
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Suppose now that there are auxihary edges V2 ^ wi, . . . ,V2 Wn- Let Q;(A(/i2))] = Q, and 

P be a period such that Q ^ P'^ for some d > 1, then H^^\ii2) and are initial subwords of the 

word 7j(2)[i^^(A(^2))], which, in turn, is an initial subword of . 

By construction of the sequence ([55]) . relation ([57)1 fails for the vertex ?;2, i. e. (in the notation of 

my- 

(50) i?'''(/^) ^P"-Pu P^Pi- P2, r < max s(r!^J. 

l<j<n ^ 

Let = /ii2 ~ fi, ii < 12 and /i^ 7^ /i for ii < i < 12- If 

(51) |if('^+i)(Mn+i)l>2|P| 

since i7^*i+^-'(A(/iij+i)) is a Q'-periodic subword (Q' is a cyclic permutation of P) of the Q'-periodic 
word if('i+i)[l,/3(A(^ii+i))] of length greater than 2|Q'| = 2\P\, it follows by Lemma 1.2.9 in |Ad75| . 
that Q;(A(/iij^+i))]| > fc|Q'|. As /c 7^ (/ii+i and A(/ii-|_i) do not form a pair of matched 

bases), so |i7('i+i)[l,a(A(/i,,+i))]| > |P|. Together with ^ this gives that 6i > |P|. The base 

/i occurs in the sequence //i, . . . , firn-i least r times, so either (1511) fails for some < m — 1 or 

m— 1 

E ^.>(r-3)|P|. 

If (|5T|) fails, then from the inequality |iJ('+^^(/ii)| < |i7('+^^(/ii+i)| and the definition of St follows 
that 

E<5. > \H^'Hf^)\ > 2)|P|. 

m — 1 

hence in both cases J2 <5i > (r — 3)|P|. 

i=l 

m — 1 m — 1 

Notice that for ii = 1, inequality ([46l) implies that '^i — \Q\ ^ l^h so '^i — maxjl, r — 3}|P|. 
Together with (|50|) this implies that 

E^^> 5l^^'^(^)l = 5(I^^'Hm)|-'5i). 

Z— 1 

Finally, 

m— 1 ^ 

(52) E*'^I^I^^'^(a')I- 

i— 1 

Comparing l|49p and ([5^ . we see that for the /i-reducing path inequality ([5^ always holds. We thereby 
have shown that in any /i-reducing path the length of the solution is reduced by at least of the length 
of the carrier base /i. 

Notice that by property ([3]) from Definition 17.131 we can assume that the carrier bases /i^ and their 
duals A(/ii) belong to the active part AY, = [1, a(a;)]. Then, by Lemma and by construction of the 
path ((38|) . we have that ■i/'As(-ff ^^^) — ■ ■ ■ — ^as{H'-"^^) — . . . We denote this number by ^as- 

We now prove that there exists a base ^ € uj such that 

(53) |i/(«HM)l > ^^As, 

where n is the number of bases in fi. Since, by assumption, the path vi ^ V2 ^ ■ ■ ■ ~* Vm corresponding 
to the path ([38|l is prohibited, it can be presented in the form ([35|l . From the definition of V'AS, see 
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(|40l) . we get that J2 \H'^"'Hh)\ > ipAS, hence the inequaUty > ^V'AS holds for at least one 

base fi € uji. Since H'^™\fj) = (7J(™^(A(/i))) , we may assume that fi £ ujU u). Let k be the length 
of the path pi5i . . . piSi in ((35)) . 

If /i G cij, then inequality (I53|) trivially holds. 

If /i e cj, then by the third condition in the definition of a prohibited path of type 15 (see Definition 
I7.13P there exists k < i < m such that is a transfer base of Hence, \H'^^\h,)\ > \H'-'^fii)\ > 



Finally, from conditions H]) and ^ in the definition of a prohibited path of type 15, from the 
inequality \H^'\^j.)\ > \H^'^\fj.)\, I < i < k, and from ^ and dSH]), it follows that 

(54) ^» > "^^^ ji^^S' 4 ■ i^^^^^h + 20n + 1). 

By Equation ([9]), the sum in the left part of the inequality ([54]) equals dAY,{H'^'^^) — dA^{H'^'^^), hence 

(55) dAsiH^^^) > maxf^^^PAsA^ ■ (40n2/i + 20n + 1), 
which contradicts (|45l) . 

Therefore, the assumption that there are prohibited subpaths ([55)1 of type 15 in the path led to a 
contradiction. Hence, the path p6p does not contain prohibited subpaths. This implies that Vi € Tq{Q) 
for aU {ny^,H'-''^) in pe)) . 

In particular, we have shown that final leaves w of the tree T{fl) are, in fact, leaves of the tree To(ri). 
Naturally, we call such leaves the final leaves ofTo{fl). 



(C): The pair (fi^, _ff I""'), where tp(u)) = 2, satisfies the properties required in Proposition 

\7.17\ For all i, either Vi = Vi+i and iTjI^+^lj < or Vi Vi+i is an edge of a finite tree To{fl). 

Hence the sequence ([36)) is finite. Let (iliu, i?["'l) be its final term. We show that {flw,H^^^) satisfies 
the properties required in the proposition. 

Property ([T]) follows directly from the construction of i7 1*"! . 

We now prove that property ([2]) holds. Let tp(w) = 2 and suppose that fl^ has non-constant non- 
active sections. It follows from the construction of ([M]) that if [j, k] is an active section of ^vi^i and is 
a non-active section of then H^'^ [j, k] = [j, /fc] = . . . = ["'1 [j, k] . Therefore, dST]) and the defi- 

nition of s(r2„) imply that the word hi . . . hp^ can be subdivided into subwords h[\, zi], . . . , ipj\, 
such that for any I either _ff l""! [i/, has length 1, or the word h[ii, ii+i] does not appear in basic and 
coefficient equations, or 

(56) H^^\iuii+i]^P[ -PI; Pi = P!P!'; r > p,„ max {/o(f7^, P, i?)} , 

where Pi is a period, and the maximum is taken over all regular periodic structures of f2i„. Therefore, 
if we choose Pi of maximal length, then Q^j is singular or strongly singular with respect to the periodic 
structure V{H^'"^,Pi). Indeed, suppose that it is regular with respect to this periodic structure. Then, 
as in i/I™! [i/, one has ii+i — ii < Pw, so (|56)) implies that there exists hk such that liyl™'! > 
/o(riM), 'P, i?). By Lemma [6.201 this contradicts the minimality of the solution H^'^\ 
This finishes the proof of Proposition 17.171 
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8. From the coordinate group G_r(j2») to proper quotients: 

THE decomposition TREE Tdcc AND THE EXTENSION TREE Text- 

8.1. The decomposition tree Tdcd^)- We proved in the previous section that for every solution H 
of a generahsed equation fl, the path \){H) associated to the solution H ends in a final leaf v of the tree 
To{Q), tp(v) — 1,2. Furthermore, if tp(i') = 2 and the generalised equation fl^ contains non-constant 
non-active sections, then the generalised equation Qy is singular or strongly singular with respect to 
the periodic structure V{H'-'"\ P), see Proposition 17. 171 

The essence of the decomposition tree T^cd^) is that to every solution H of ft one can associate the 
path p{H) in Tdcc(^^) such that either all sections of the generalised equation corresponding to the 
leaf u of rdcc(^^) are non-active constant sections or the coordinate group of fi^ is a proper quotient of 

We summarise the results of this section in the proposition below. 

Proposition 8.1. For a (constrained) generalised equation = ^vo: one can effectively construct a 
finite oriented rooted at vq tree Jdcc, Jdcc — Tdcc(f^uo); such that: 

(1) The tree To(f2) is a subtree of the tree T^cc- 

(2) To every vertex v o/Tdcc we assign a recursive group of automorphisms A(yi^). 

(3) For any solution H of a generalised equation there exists a leaf u of the tree Tdoc, tp(u) = 1, 2, 
and a solution _ff I"! of the generalised equation fi,i such that 

• TTjy = cro7r(wo,Wi)CTi . . .7r(w„_i,u)o-„7r^H, where Ui & A{Vly.); 

• z/tp(u) — 2, then all non-active sections of flu are constant sections. 

To obtain Tdcd^) we add some edges labelled by proper epimorphisms (to be described below) to 
the final leaves of type 2 of To{Q) so that the corresponding generalised equations contain non-constant 
non-active sections. 

The idea behind the construction of this tree is the following. Lemmas 16.181 and 16.171 state that 
given a generalised equation Q singular or strongly singular with respect to a periodic structure {V, R), 
there exist finitely many proper quotients of the coordinate group G/jjq.) such that for every P-periodic 
solution H of the generalised equation such that V{H, P) = {V, R), an 2t(il)-automorphic image i7+ 
of iJ is a solution of a proper equation. In other words, the G-homoniorphism 7r^+ : — > G 
factors through one of the finitely many proper quotients of Gjj(f^.). 

Recall that given a coordinate group of a system of equations, the homomorphisms tt from this 
coordinate group to the coordinate groups of constrained generalised equations determined by partition 
tables (see Equation ^ and discussion in Section [3. 2. 3p . are, in general, just homomorphisms (neither 
injective nor surjective). Our goal here is to prove that in fact, the solution is a solution of one of 
the finitely many proper generalised equations such that the homomorphism from the coordinate group 
of the system of equations to the coordinate group of the generalised equation is an epimorphism. 

Let w be a final leaf of type 2 of To{Q) such that fly contains non-constant non-active sections. For 
every periodic structure {V, R) on Qy such that fly is either singular or strongly singular with respect 
to {VjR), we now describe the vertices that we introduce in the tree Tdcc (these vertices will be leaves 
of Tdec), the generalised equations associated to these new vertices and the epimorphisms corresponding 
to the edges that join the leaf v with these vertices. We then prove that for every P-periodic solution 
H of the generalised equation fly such that fly is singular or strongly singular with respect to P(H, P), 
there exists an 2l(ri)-automorphic image i7+ of H so that is a solution of one of the generalised 
equations associated to the new vertices. 

We first consider the case when fly is strongly singular of type (b) with respect to the periodic 
structure (J^,R) (see Definition 16. ISp . 
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In Lemma 16.171 we proved that every P-periodic solution H of a generalised equation f2 strongly 
singular (of type (&)) with respect to a periodic structure {V, R) such that V{H, P) = {V,R), isa solution 
of a system of equations obtained from il by adding new equations. We now explicitly construct a 
single generalised equation flviV, R, {gi}) so that every P-periodic solution iJ of a generalised equation 
f2 strongly singular (of type (6)) with respect to a periodic structure {V, R) such that P(iJ, P) = {V, R), 
is a solution of ilvCP, R, {gi})- 

Let gq £ {gi} be an element of the family {gi} constructed in Lemma 16.171 As shown in the proof 
of Lemma 16.171 the element gq is a commutator of the form [tpq{hi^q), hj^q], where tpq is a generator of 
the automorphism group 2t(Ti,), see parts ©, ([21) of Lemma [6.141 and Definition 16.161 Let ipq{hi,q) — 
hii,q - ■ - hi^^^q. Define the generahsed equation ri.u(P, P, {g.i}) — (T.u(P, P, {g^}), 3fix„cp,7?,{gi})) as fol- 
lows. Set Ty{V, P, {gi}) = T„ and define 3?T„CP,fl,{gi}) to be the minimal subset of h x h that contains 
5Rx„, {{h-ii.q, hj_q) 1^ = 1,..., kq} for all q, is symmetric and satisfies the condition (*) from Definition 

The natural homomorphism T^v.{gi} ■ ^R{n*) ~* ^R{n^{'P,R,{gi})*) is surjective. Moreover, by con- 
struction, Trv,{gi}ih{gq)) = 1 for all gq € {gi}, and therefore '!^v,{gi} is a proper epimorphism. 

We introduce a new vertex w and associate the generalised equation 17^, = Qy(V, P, {gi}) to it. The 
vertex w is a leaf of the tree Tdoc and is joined to the vertex v by an edge v w labelled by the 
epimorphism Tr{v, w) = '^v,{gi}- 

We now show that every P-periodic solution H of Q.v such that fly is strongly singular of type (b) 
with respect to P(P, P), is a solution of the generalised equation ily,. Obviously, P is a solution of T^. 
We are left to prove that if 5Rx„(/Ji, hj), then Hi ^ Hj. 

In the proof of Lemma 16.171 on one hand we have shown that Hi q ^ Hj q and that alph{Hi q) ~ 
alph(P), thus alph(P) ^ Hj q. On the other hand, we have shown that for every generator ipq of the 
automorphism group 2l(r2^), the image (pq{hi^q) is a word hi-^^q ■ ■ ■ hi^^q in variables {hi^ q \ hi^ q £ a,a £ 
V,l = 1, . . . , k}. Since for every solution H on has a\ph{Hi^ q) C alph(P) and alph(P) ^ Hj q, we get 
that Pi,,g ^ Hj q and the statement follows. 

Let us consider the case when fly is strongly singular of type (a) with respect to the periodic structure 
(P,P> (see Definition [113 . 

In Lemma 16.171 we proved that every P-periodic solution P of a generalised equation strongly 
singular (of type (a)) with respect to a periodic structure (P,P) such that V{H,P) — (P,P), is 
a solution of the proper system of equations {fly U {gi}}*- Notice that, a priori, P is a solution 
of the system of equations {fly U {gi}}* over G. Our goal is to construct a generalised equation 
flyCP, R, {gi}, T) in such a way that P is a solution of the generalised equation Vly {V, R, {gi}, T) and 
the homomorphism from Gr^q*) to <Gfl(n^(73 {^.j 7-)*) is a proper epimorphism. 

Below we use the notation of Section [321 For the system of equations {gi = 1}, where the elements 
gi are defined in Lemma 16.171 consider the subset VT' of the set VT of all G-partition tables of the 
system {gi}, of the form (V, G * F{zi, . . . , Zp)) that satisfy the following condition 

(57) zi,...,zpe {V,.j). 

For any generalised equation T7-, T e VT' , the homomorphism ttx-j- : G^dg.}) — > Gfl(X5_) induced by 
the map hi 1-^ Phi{h',A) (see Section [3.2.31 for definition) is surjective. Consider the set of generalised 
equations {Tr | T e VT'} over the free monoid F. Note that in general, this set of generalised equations 
should be considered over T. However, we will show that for P-periodic solutions P it suffices to consider 
the set of generalised equations {Tr | T S VT'} over F. 

Construct the generalised equation ny{V,R,{gi},T) — {Ty{V,R,{gi},T),^x^{v,R,{gi},T)) as fol- 
lows. The set of items h = hU h' of ily{V , R, {gi}, T) is the disjoint union of the items of T„ and Tr ; 
the set of coefficient equations of Vty{V, R, {gi}, T) is the disjoint union of the coefficient equations of 
T^ and Tr. The set of basic equations of ^y{V, R, {gi}, T) consists of: the basic equations of T^,, the 
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basic equations of Tr, and basic equations of the form hk = Phkih' , A), where in the left hand side of 
this equation hk is treated as a variable of T„ and Ph^ {h', A) is a label of a section of Tr- 
The natural homomorphism tt^ |^ j j- : G7?,(t*) ~^ *S_R(T„(p.i?,{gi}.T)*)i induced by the map 

w.hi^ Ph,{h',A), 

is surjective, since is- 

The set of relations ^r^(v,B.,{gi},T) ^ ft. x ft, is defined as follows. Let vj{hi) — h'^_^ ■ ■ ■ h'^ and 
zu{hj) — h'j^---h'j^. If jRx^ (ftj, ftj), then we set ^'Y^{v,R,{gi},T){hi^, h'^^) for all m = l,...,fc and 
n — 1, . . . ,1. The set ^r„(v,R,{gi},T) is defined as the minimal subset of ft x ft that contains the above 
defined set, the set 3?t„, is symmetric and satisfies the condition (★) from Definition 13.41 Note that by 
condition (★), the set ^r^('P,R,{gi},T) is independent of the choice of the map w. 

The natural homomorphism 7r„ {g.}. 7- : G/;(si») ^ *G^i?,(o„(p.fl',{gi},T)') is surjective, since tt^ ^-^ ^ j- is. 
Moreover, by construction, 7r„ ^^.j 7-(ft(5q)) — 1 for all € {ffi}, and therefore 7r„ ^^g.} 7- is a proper 
epimorphism. 

For every partition table T G T'T' as above, we introduce a new vertex wq- and associate the 
generalised equation ^I^t = ^viV , R, {gi},T) to this vertex. The vertex wr is a leaf of the tree T^ec 
and is joined to v by an edge v wr labelled by the epimorphism TTy^^g-y^r- 

We now show that every P-periodic solution H of fl^ such that fi^ is strongly singular of type (a) 
with respect to V{H, P) factors through one of the solutions of generalised equations ^2t,(7^, i?, {5^}, T) 
for some choice of T. By Lemma [6.81 the solution is a solution of the system of equations {gq = 
[ft(ci,g), ft(c2,g)] = 1 | .^g G {^i}}. It follows that if we write the system {[ft(ci^g), ft(c2,g)] = 1 | 5^ G {gi}} 
in the form and if rir2 • • • n = 1 is an equation of this system and Hj^ , ■ ■ ■ , Hj^ are the respective 
components of H, then the word Hj-^ ■ ■ ■ Hj^ is trivial in the free group F{A), and in the product of 
two consecutive subwords Hj^ and Hj^^-^ either there is no cancellation, or one of these words cancels 

completely, that is Hj^ = W ■ (^Hj^^^) ^ or, vice-versa Hj^^^ = {Hj^)~^ ■ W. This shows that the 
G-partition table of the system {[ft(ci,g), ft(c2,q)] = I \ gq £ {gi}} for which the solution H factors 
through satisfies condition ([57]) . 

Finally, we consider the case when Qy is singular with respect to the periodic structure {V,R) (see 
Definition I6.15P . 

In Lemma 16.181 we proved that for every P-periodic solution H oi a generalised equation 17 singular 
with respect to a periodic structure (7^, R) such that P) = (P, B) there exists an 2t(r2)-automorphic 
image of H that is a solution of a proper equation. Though iJ+ is a solution of 17*, it may be 
not a solution of fi, see the example given in Section 16.41 We construct the generalised equation 
Q,v{V, R, c, T) in such a way that iJ+ induces a solution of flviV, R, c, T) and the homomorphism from 
'^R{ni) to Gij(n,(p^fl_e,T)') is a proper epimorphism. 

More precisely, consider a triple {{V , R) , c,T), where 

• V,y is singular with respect to the periodic structure (V,R), 

• c is a cycle in F, c G {ci, . . . , c^}, where {ci, . . . , c^} is the set of cycles from Lemma [6.181 

• and T is a partition table from the set VT' defined below. 

For every such triple, we construct a generalised equation Qy{V, R,c,T) and a proper epimorphism 
T^v,c,T '■ Gjj(o*) — > G^(s7^(73jj ,. put an edge v ^ u, flu = fty{V,R,c,T) and show that every 
solution of fly is a solution of one of the generalised equations fly{'P , R, c,T) for some c and T. 
The vertex m is a leaf of Tdec(^^)- 

The way we proceed is the following. By part ^ of Lemma [6. 181 '^e know that is a solution of 
the generalised equation {h{fi) = ft(A(/i)) | ^ V}. This fact pilots the construction of the generalised 
equation T^, below. On the other hand, we consider the system of equations S over G corresponding 
to the bases from V and the cycle c (see below). Since the solution satisfies statement ([3]) of 
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Lemma 16.181 we can prove that the G-partition table T associated to iJ + satisfies property ((57|) . 
For the partition tables T that satisfy condition (I57p and the corresponding generalised equations 
T7-, the homomorphism ttxj- : 'K/?(s) ^ G_r(T5-) is surjective. We construct the generalised equation 
H.vi'P, R, c, T) from T7- and by identifying the items they have in common. We refer the reader to 
Section 18.21 for an example of the constructions given below. 

We now formalise the construction of (G_r(o„cp./?.c.t)*) and 7r„_c,r- 

Let c be as above and suppose that h{c) = hi-^ ■ ■ ■ hi^. Consider the system of equations S C 
over G: 

S = {h{c^) = 1, h{c) = h,,---h,^ = l\fieV}. 

Below we use the notation of Section 13.21 For the system of equations S consider the subset VT' 
of the set VT{S) of all G-partition tables of S of the form (V, G * F{zi, . . . , Zp)) that satisfy condition 
([57)1 . Consider the set of generalised equations {Tj- \ T e VT'} over the free monoid F. Note that, 
in general, this set of generalised equations should be considered over T. However, we will show that 
for the minimal solution i7+ it suffices to consider the set of generalised equations {T7- | T S VT'} 
over F. For any generahsed equation Tr, T £ VT' , since the partition table T satisfies condition ([57|) . 
it follows that the homomorphism tttt- ■ G^'jg) ~* ^^i?,(T* ) induced by the map hi Pfi-{h',A) (see 
Section r3. 2. 31 for definition) is surjective. 

Let the generalised equation be obtained from T„ by removing all bases and items that belong 
to V. 

Construct the generahsed equation ^^{V, R,c,T) = {Ty{V , R, c,T),^x^{v,r,c,t)) as follows. The 
set of items h of ^lv{V, R, c,T) is the disjoint union of the items of Ti, and T7-; the set of coefficient 
equations of il.v{V, R, c, T) is the disjoint union of the coefficient equations of and Tr- The set of 
basic equations of fly{V, R, c, T) consists of: the basic equations of T„, the basic equation of T7-, and 
basic equations of the form hk — Ph^ih' , A), hk ^ V, where in the left hand side of this equation hk is 
treated as a variable of Ty and Ph^^ {h' , A), hk ^ V is a. label of a section of Tr. 

The natural homomorphism tt^ ^ ^ : G/j(x*) — >■ Gfl(x„(7'._R,.c.T)*)i induced by a map zu: 

h-^ I PhXh',A), when h, e V, 
' \ /ii, otherwise; 

is surjective, since ttx^ is. 

The relation ^Ti,{v,r,c,T) ^ hxhis defined as follows. Let vj{hi) ~ h'^^ ■ ■ ■ h'^^ and ^{hj) = h',j_^ ■ ■ ■ h'^^ . 
If 9fix„ (^i, ^j), then we set 5Rx„(T'._R.c.T)(^i„! ^j„) for all m — l,...,fc and n = The set 

^T„CP,i?,c,T) is defined as the minimal subset of h x h that contains the above defined set, the set SR-j-^ 
(the restriction of the relation SRx,, onto the set of items of Tu), is symmetric and satisfies the condition 
(★) from Definition 13.41 Note that, by condition (★), the set ^r^iv.R.cT) is independent of the choice 
of the map tu. 

The natural homomorphism 7r„.c,r ■ 'GR(ff) ~^ '^Rin^iv.R.cT)*) is surjective, since tt^ j- is. More- 
over, by construction, TTv,c.Tih(c)) = 1, and therefore tt^j c^t- is a proper epimorphism. 

We now show that for every P-periodic solution H of fly such that fly is singular with respect to the 
periodic structure V{H,P), there exists an 2l(il^)-automorphic image of H such that factors 
through one of the solutions of the generalised equations nv{V,R,c,T), for some choice of c and T. 
Indeed, let H'^ be the solution constructed in Lemma r6.18l and c be one of the cycles from Lemma [6. 181 
for which H'^{c) = 1. The solution i7+ is a solution of the system S. All equations of S have the form 
h{c') ~ 1, where c' is a cycle in the graph of the periodic structure V{H,P). From condition ([3]) of 
Lemma [6. 181 it follows that, on one hand, the word , 1 < fc < p, is geodesic, and, on the other hand, 
that if 7'ir2 • • • r/ = 1 is an equation of the system S and Hj^, ■ ■ ■ , Hj^ are the respective components 
of , then the word Hj'^ ■ ■ ■ Hj'^ is trivial in the free group F{A). Furthermore, in the product of 



98 



M. CASALS-RUIZ AND I. KAZACHKOV 



two consecutive subwords and Hj^_^_^ either there is no cancellation, or one of these words cancels 

completely, that is either Hj' ^ W ■ (j^j^^-^^ or Hj^_^-^ = {Hj^) ^ ■ W. Let T be the partition table 

corresponding to the cancellation scheme of the system S. The argument above shows that T satisfies 
condition ((57| . 

Let vo = V, riui = rivCP, i?, c,T). 

The solution 77+ induces a solution of the system S. By Lemma [3.211 there exists a solution 
Hy _^ of the generalised equation Tr such that the following diagram 

G_R(s) 




is commutative. 

As satisfies condition ([3]) of Lemma [6. 18) and the i/^'s are geodesic, so the H^^s are geodesic. 
In particular, is a solution of the generalised equation Tj- over the free monoid F. 

On the other hand, using again part ^ of Lemma fG-lSl if we remove the components {Hj^ \ hk € V} 
of the solution we get a solution i7+ of the generalised equation T„. 

Combining the solutions and we get a solution of the generalised equation 

Ty{'P, R,c,T). By part ([3]) of Lemma l6.18i the solution satisfies the commutation constraints 
from 5Rt„- Therefore, from the construction it follows that Tf*^"^-' is a solution of R, c,T) and 

tth+ = 7r(wo,wi)7r^(,.i). 

We thereby have shown that for every P-periodic solution H of ^1^ such that is singular with respect 
to the periodic structure V{H,P), there exists an 2l(Jl„)-automorphic image of H such that 
factors through one of the solutions of the generalised equations ilv{T^, c, T). 

To the root vertex vq of the decomposition tree T^cc(n) we associate the group of automorphisms 
Aut(ri) of the coordinate group G/j(n^|j), see Definition 17 151 To the vertices v such that is a leaf 
of ro(il) but not of Tdec(f^) (those vertices to which we added edges), we associate the group of auto- 
morphisms generated by the groups 2l(ri^), see Definition l6.16i corresponding to all periodic structures 
on fly with respect to which fly is singular or strongly singular. To all the other vertices of T^cci^) 
we associate the trivial group of automorphisms. We denote the automorphism group associated to a 
vertex v of the tree Tdec(f^) by A(fly). 

Naturally, we call leaves u such that the paths p{H) associated to solutions H oi fl end in u, final 
leaves o/Tdec(^)- 

8.2. Example. Let f2 be the generalised equation shown on Figure [T6l 

hih2h^hA = hih^hehT, hi — h^; /13 = /17; /12 — hs; he = hs; hs = a. 

Consider the periodic structure {V, R) on fl defined in Section 16.21 We have shown in the example 
given in Section [6.21 that this periodic structure is singular. 

In the example given in Section [6.4) we considered the solution H: 



Hi = {bacfb- H3 = [cbafc] H5 = {bacfb- Hr = {cbafc; 
H2 — a; H4 = (bac)^; Hq — a; Hs — a. 
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In Section [0| for the solution H we constructed its automorphic image H'^ that satisfies conditions 
^ and Q of Lemma EH 

H+ = {bac)%; H+ = a-^b-^(bac)-^; H+ = [bacfb; = a-^b-'^ibac)-'^- 

H2 = a; = bac; Hg = a; = a. 

Obviously, is a solution of il* . Notice, however, that iJ+ is not a solution of fl. Indeed, for the 
equation hih2h^hi = h4h^h(,hT, the word H2 is not geodesic as written. 

We construct the system of equations S over G. The system S consists of all the equations of Q. that 
correspond to the bases that belong to the periodic structure {V,R), see Example 16.21 and the equation 
/i(ce-) — hih2hj — 1: 

S — {/ii/i2^3/i4 — h^h^hghT, hi — ft,5, /13 = /17, hih2h'j — 1}. 

In the example given in Section (631 we showed that H^{ce-,) — 1 and therefore, iJ+ is a solution of 
S. The cancellation scheme for the solution is shown on Figure [TSl 




Figure 18. The cancellation scheme of ff+ 



Notice that the partition table corresponding to the cancellation scheme shown on Figure [TSl satisfies 
condition (1571) . 

We then construct the generalised equation T7- associated to the system S and the generalised 
equation T„ obtained from T„ by removing all bases and items that belong to V. Using these two 
equations we construct il,{'P,R, c, T) as shown on Figure IT9l 

We would like to draw the reader's attention to the fact that, though (for simplicity) the generalised 
equation T7- shown on Figure [121 has not been constructed using the procedure described in Section 
13.2.21 but the constructed generalised equation is ^-equivalent to the one described there. 
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Figure 19. The generalised equations Tr, T and ^{V, R, c, T) 



8.3. The extension tree Text(^)- Recall that the coordinate group Gjk^*) associated to a final leaf 

V of Tdcc(f^) is cither a proper cpimorphic image of or all the sections of the corresponding 

generalised equation Q.y are non-active constant sections. Since partially commutative groups are equa- 
tionally Noetherian and thus any sequence of proper epimorphisms of coordinate groups is finite, an 
inductive argument for those leaves of T^cd^) that arc proper cpimorphic image of G/fj^^^.) shows that 
we can construct a tree Text with the property that for every leaf v of Text all the sections of the 
generalised equation Q.y are non-active constant sections. 

We summarise the results of this section in the proposition below. 

Proposition 8.2. For a (constrained) generalised equation = i^vot one can effectively construct a 
finite oriented rooted at vq tree Text, Text = Text(i^ro), such that: 

(1) The tree Tdec(f^) is a subtree of the tree Text- 

(2) To every vertex v of Text we assign a recursive group of automorphisms A{Qy). 
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(3) For any solution H of a generalised equation 17 there exists a leaf u of the tree Text, tp(u) = 1, 2, 
and a solution _ff of the generalised equation such that 

• tth = cro7r(wo,i'i)o-i ■ ■ ■7r(i;n-i,u)o-„7rj:^H, where ai e A{Vly.); 

• the sections of Qu are non- active constant sections. 

We define a new transformation L„, which we call a leaf- extension of the tree T^ociS^) o,t the leaf v in 
the following way. If there are active sections in the generalised equation fit,, we take the union of two 
trees Tdec(f^) and T^eci^v) and identify the leaf v of T^eciP) with the root v of the tree Tdoc(^^-u), i-e. we 
extend the tree TdocC^) by gluing the tree T^ed^v) to the vertex v. If all the sections of the generahsed 
equation Q.y are non- active, then the vertex v \s & leaf and T^ed^v) consists of a single vertex, namely 
V. We call such a vertex v terminal. 

We use induction to construct the extension tree Text(^^)- Let u be a non-terminal leaf of T'^^-' = 
Tdec(f^)- Apply the transformation to obtain a new tree T*^^^ — L^(Tdoc(f^))- If in T^^'^ there exists a 
non-terminal leaf vi , we apply the transformation L^j^ , and so on. By induction wc construct a strictly 
increasing sequence of finite trees 

(58) T^°'> C T(i) C . . . C T(') C . . . 

Sequence ()58p is finite. Indeed, assume the contrary, i.e. the sequence is infinite and hence the union 
T(°°) of this sequence is an infinite tree locally finite tree. By Konig's lemma, r(°°) has an infinite 
branch. Observe that along any infinite branch in T(°°^ one has to encounter infinitely many proper 
epimorphisms. This derives a contradiction with the fact that G is equationally Noetherian. 
Denote by T^^ti^) the last term of the sequence (|58|) . 

The groups of automorphisms A{Qy) associated to vertices of T^xti^) are induced, in a natural way, 
by the groups of automorphisms associated to vertices of the decomposition trees. 

Naturally, we call leaves u such that the paths p{H) associated to solutions H of Q end in u, final 
leaves o/ Text (17). 



9. The solution tree Tsoi{^) and the main theorem. 

In the previous section we have shown that the generalised equations Qy = (T„,3fiT„) associated to 
the final leaves v of T^xti^) contain only non-active constant sections. In other words, the coordinate 
group Gr^ui) is isomorphic to 

. . . , VnJ/^({coefiicient equations} U {[/i,, hj] \ SRx,, {hi,hj)}y 

In general, the coordinate group Gfl,(o*) niay be not fully residually G, see the example given in 
Section O 

The solution tree Tsoi(S7) is constructed from the tree Text(17) by adding some edges, labelled by 
homomorphisms of the coordinate groups, to final leaves of the tree Text- The new vertices wi, . . . , w„ 
connected to a final leaf v of Text by an edge have the coordinate groups G^. associated to them and 
satisfy the following properties. 

(1) For every solution H'^"^ of Qy, there exist a vertex vji and a solution such that the 

following diagram commutes: 
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(2) For every solution solution there exists a homomorphism ip : G_r(oj) G such that the 

following diagram commutes: 




(3) The coordinate group G^i is a fuUy-residually G free partially commutative group. 
The idea behind this construction is the following. 

Let V he a final leaf of the tree Text and fly be the constrained generalised equation associated to 
V. By definition, for any hi,hj e h^^^ = h, such that 'Sir^{hi, hj), one has that H^^^ ^ ^j"'' ^'-'^ 
any solution H'^"^ of i.e. ijf G AiH^"^) and H^'"^ e A(i?f see Section O Therefore, any 
solution of the generalised equation maps hi and hj into disjoint canonical parabolic subgroups of G 
that t^-commute. 

We encode all canonical parabolic subgroups of the group G and the ^-commutativity relation 
between them in the graph F ■ There are only finitely many tuples of canonical parabolic subgroups, 
where the solution H^^^ of fly may map the tuple of variables h. The choice of the tuple of canonical 
parabolic subgroups is encoded by the graph homomorphism (fy^i defined below. There is a vertex Wi 
in the tree Tgoi for every such homomorphism tpy^i. 

Using the homomorphism ipv,i, we construct the coordinate group G^i that we associate to the vertex 
Wi and define solutions corresponding to this vertex. 

We then prove that properties ([!]), ([2]) and ([3]) above hold. 

We refer the reader to Section 19.11 for an example of the constructions described in this section. 

Define a non-oriented graph F as follows. The set of vertices V{F) is the set of all full subgraphs of 
the commutation graph ^ of G (or, which is equivalent, canonical parabolic subgroups of the group G). 
There is an edge e e E{F) between two vertices si and S2 if and only V{si) ^ V{s2), V{si),V{s2) C A. 

Let fly be the generalised equation associated to a final leaf v of the tree Text- De- 
fine a non-oriented graph n„ as follows. The set of vertices T^(nu) is A Li {hi e /i*-"^ | 
hi does not occur in coefficient equations oifly}. There is an edge e € E{Uy) between two vertices 
vi and f 2 if and only 

Vi = ai, V2 — CLj and [a^, aj\ = 1 in G, 
vi = hi, V2 — hj and ^x^ihi, hj), 

vi — hi, V2 ~ cij and there exists a coefficient equation hk^^ — aj, and 5RT„(^i, ^fe). 
Consider the set of all graph homomorphisms from n„ to F that satisfy the following conditions: 
(I) (fiy^iiaj) = {aj}, for all aj G A; 

(II) for every e £ £{11^) we have (pv.ii^) G E{F), i.e. (pv.i{e) does not collapse edges. 
Note that the set of all such homomorphisms is finite and can be effectively constructed. 

For every homomorphism ify^i we construct a new leaf Wi in the tree Tsoi(^^) and an edge joining v 
and Wi. 

The coordinate group G^i; associated to the vertex Wi is obtained as follows. Let G be the graph 
product of groups with the underlying commutation graph <p„^i(n„). 

The group associated to the vertex Sj of (py^i{Ily) is deffned as follows. For every vertex Sj of 
Vu,i(n„) we consider the partially commutative group G(sj), where G(sj) < G is the canonical parabolic 
subgroup of G corresponding to the full subgraph of Q associated to Sj . Consider the decomposition of 
G(sj) of the form (P): 

G(S,) =G(Sj,/i) X ••• X GiSj,Im,). 
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Let /i^^^ be the set of vertices hk £ V^(n„) such that ^pv,i{hk) ~ Sj. We treat every hk G h^-'^ as a tuple 
of variables . . . , hk^mj), ^fe.i & h^-'''''^ ■ Consider the group 

(59) G(sj,/i)[/i(-'"-^i)] X ... X 

where if G(sj,//) is free abelian, then G{sj, Ii)[h^i'^''>] = G{sj,Ii) x {h^J^^'^), where {h'^i'^'^) is the 
free abelian group with basis h'-^'^^\ and if G{sj,Ii) is non- abelian, then G{sj, Ii)[h^i'''^] = G{sj,Ii) * 
F{h^J'-''-^). The group we associate to the vertex Sj is the group given in ([55)1 . It follows, since the 
graph product of partially commutative groups is again a partially commutative group, that G is a free 
partially commutative group. 

We now turn the group G into a G-group as follows 

G^. = (g, G I G, [Gg(G(s,, /fe)), h<-J''^^] = 1 for all j, k) , 

where the relations in C identify the subgroups G(sj) with the corresponding subgroups of G. This is 
the group G,i,; that we associate to the leaf m; of the tree T^xti^)- Note that, since G is a partially 
commutative group and the centraliser of a canonical parabolic subgroup is again a canonical parabolic 
subgroup, the group G^,; is a free partially commutative group. 

A G-homomorphism ip from G^j; to G such that for every hk € /i*--'-* one has tpi^k) G G(sj) is termed 
a solution associated to the vertex Wi. In other words, by taking restrictions, every solution associ- 
ated to the vertex Wi, induces a tuple of homomorphisms (i/'i, . . . ,'4'\v{ip^ i(n„))|)i where ipj is a G(sj)- 
homomorphism from G(sj)[/i'^'] to G(sj). Conversely, any |y((/3i,_i(nt,))|-tuple of G(sj)-homomorphisms 
from G{sj)[h^^^ to G(sj) uniquely defines a solution tp associated to the vertex Wi. The homomorphisms 
ijjj are called components of ^. 

Every homomorphism Vj, in turn, induces an rrij-tuple of G(sj, /;)-homomorphisms from 
G(sj,//)[/i(J'-f')] to G(sj,//), l^l,...,mj. Conversely, any to^ -tuple of G(sj, /;)-homomorphisms from 
G{sj, Ii)[h^^'^''>] to G{sj,Ii) uniquely defines a component 4'j of a solution ip. 

The map hk i— > hk^i ■ ■ ■ hk.mj induces a G-homomorphism TT{v,Wi) from Gfl(f2.) to G^,. . Indeed, by 
Proposition 19.11 below. G^. is G-discriminated by G. Then, by Theorem 12.41 G^,. is the coordinate 
group of an irreducible algebraic set. Since every equation from the system n* is mapped to the trivial 
element of G^,. and since G^; is a coordinate group, ^{vjWi) is a homomorphism. 

It follows, therefore, that property ([2]) described in the beginning of this section holds, i.e. that for 
every solution solution iJ^™*) there exists a homomorphism ip : Gt^jo*) — > G such that the following 
diagram commutes: 

^ 7r(t),iUi) 




It suffices to take ip : Gij(j2.) ^ G to be the composition of Tr{v, Wi) and tt^c™;). 

We now prove that property ([T]) described in the beginning of this section holds, i.e. that for every 
solution H of fly there exists i and a solution -0 associated to the vertex Wi such that the following 
diagram is commutative: 




Given a solution H oi Qy, we construct a non-oriented graph 2. There are two types of vertices 
in J. For every aj e A, we add a vertex labelled by aj. For all distinct sets alph(7Jj), we introduce 
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a vertex of 2 labelled by a full subgraph of Q generated by alph{Hj). There is an edge between two 
vertices corresponding to the sets alph(iJj) and a\ph{Hk) if and only if alph{Hj) ^ alph(i/fc). There 
is an edge between two vertices corresponding to aj and if and only if aj ^ a^. There is an edge 
between two vertices vi, corresponding to the set alph(77j), and V2, corresponding to a^, if and only if 
alph(iJj ) ^ ak- By construction, the graph 3 is a full subgraph of F- 

The map (/j-^^i : hj i—^ v{hj), where v{hj) is labelled by the full subgraph of Q generated by alph(iJj) 
and (f)y^i : aj t-^ aj, where aj € A extends, to an epimorphism (p from !!„ to 2. Since iJ is a solution of 
fly, if ^T^{hj,hk), then Hj ^ Hk. Thus, the homomorphism ip satisfies the property (II) above and 
hence, ip = ip^^i for some i. Setting — t:h, it follows that the above diagram is commutative. 

The proposition below proves that property ([3]) described in the beginning of this section holds. 

Proposition 9.1. In the above notation, the groups G^,. are Q- discriminated by G by the family of 
solutions associated to the vertex Wi. 

Proof. We use induction on the number N of vertices of the underlying graph 95^,^^(111,) of the graph 
product G to prove that the group Gu,. is obtained from G by a chain of extension of centralisers of 
directly indecomposable canonical parabolic subgroups. It then follows, by Proposition 12.121 that the 
group G^; is G-discriminated by G. 
If iV =='1, then 

G^, - (G,G(si,/i)[/i(i^^i'] X ••• X G(si,/„J[/i(i^^'"i)] |C, [CG(G(si,/fc)),/i(i'^^)] = 1 for aU k) , 

where the relations in C identify the subgroups G(si,/fe) with the corresponding subgroups of G. 

We use induction on mi to prove that the group G^j is obtained from G by a chain of extension of 
centralisers of directly indecomposable canonical parabolic subgroups. If mi = 1, then the statement 
is trivial. 

Let 

G:„^ = (G,G(si,/i)[/i(i'^i)] X • • • X G(si,/,„,_i)[/i(i'^'"i-i)], I C, [C7g(G(si,4)),/^(1'^^)] = 1 for all k) . 

Without loss of generality we may assume that ^ | = 1, /i^^'^™!) — {h}. It suffices to show that 

Gwi is isomorphic to 

(60) {GL„h\ Te\{GlJ,[h,CG'^^{G{s^,I,r.,))] = 1). 

Since, by induction, G^^ is a partially commutative group, by Theorem l2.51 

Cgj„^(G(si,/„J) = (CG(G(si,/„J),/i(i^^'=),fc = l,...,mi-l). 

Comparing the presentations of Gu,j and the one given in (j60p , the statement follows in the case when 
= 1. 

Take a graph A with N vertices and consider a full subgraph A' of A such that T^(A) = ^(A') U {sn}- 
By induction, the G-group Ga' constructed by the graph A' is a partially commutative group obtained 
from G by a sequence of extensions of centralisers of directly indecomposable canonical parabolic sub- 
groups. 

Suppose first that G(sAr) is directly indecomposable. Without loss of generality we may assume that 
|^(JV,/i)| _ -|^^ /i(^'^i) — {Hn}. We now prove that Ga is isomorphic to 

G' = (GA',/iiv I rel(GA'),pG^,(G(sjv,/i)),M = 1). 
Since, by induction, Ga' is a partially commutative group, by Theorem l2.51 

/ Cg{G{sn,Ii)), h^^'^'-l k = l,...,m, 
^ ^ and there is an edge between Sj and SAf in A 

Comparing the presentations of G' and Ga, the statement follows. 
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If the group G{sn) is directly decomposable, the proof is analogous to the base of induction and the 
previous case. □ 

The solution tree Tsoi(f^) is obtained from the extension tree T^xti^) by extending every final leaf 
of rcxt(f^) as above. To each non-leaf vertex v of the tree Tsoi(ri), we associate the same group of 
automorphisms v4(f2„) as in the extension tree T^xti^)- For every leaf Wi of Tsoi{^) we associate the 
trivial group of automorphisms. 

We are now ready to formulate the main result of this paper. 

Theorem 9.2. Let Q — Q{h) be a constrained generalised equation in variables h. Let Tsoi(f^) be the 
solution tree for f2. Then the following statements hold. 

(1) For any solution H of the generalised equation there exist: a path vq ^ vi —>■... ^ Vn = v 
in Tsoi(i^) from the root vertex vq to a leaf v, a sequence of automorphisms a — (ctq, . . . , (t„), 
where Gi € A(f2„. ) and a solution H^^^ associated to the vertex v, such that 

(61) TT/f = = cro7r(i;o,Wi)cri . . .7r(t;„_i,i;„)cr„7r^(„). 

(2) For any path vq Vi —i- . . . Vn — v in Tsoi(f^) from the root vertex vq to a leaf v, any 
sequence of automorphisms a = (cro, . . . , (t„) , Ui G A(r2.„J, and any solution H^'"^ associated to 
the vertex v, the homomorphism is a solution of fl* . Moreover, every solution of fl* 
can be obtained in this way. 

Proof. The statement follows from the construction of the tree Tsoi{^, A). □ 

We call leaves v of the tree Tsoi{^) such that there exists a path from vq to v as in statement ((ij of 
Theorem 19.21 final leaves of the tree Tso\{^). 

Theorem 9.3. Let G be the free partially commutative group with the underlying commutation graph 
Q and let G be a finitely generated {G-)group. Then the set of all {G-)homomorphisms Hom(G, G) 
(HomG(G, G), correspondingly) from G to G can be effectively described by a finite rooted tree. This 
tree is oriented from the root, all its vertices except for the root and the leaves are labelled by coordinate 
groups of generalised equations. The final leaves of the tree are labelled by fully residually G partially 
commutative groups G^^ . 

Edges from the root vertex correspond to a finite number of {Q-)homomorphisms from G into co- 
ordinate groups of generalised equations. To each vertex group we assign the group of automorphisms 
A[Q,y). Each edge {except for the edges from the root and the edges to the final leaves) in this tree is 
labelled by an epimorphism, and all the epimorphisms are proper. Every (G-) homomorphism from G 
to G can be written as a composition of the {G-)homomorphisms corresponding to the edges, automor- 
phisms of the groups assigned to the vertices, and a {G-) homomorphism ip = {jpj)j^j, \ J\ < 2^ into G, 
where ^pj : Mj [Y] Mj and Mj is the free partially commutative subgroup of G defined by some full 
subgraph of Q. 

Proof. Suppose first that G is the finitely generated G-group G-generated by X, i.e. G is generated by 
GUX. Let S be the set of defining relations of G. We treat S" as a system of equations (possibly infinite) 
over G (with coefficients from G). Since G is equationally Noetherian, there exists a finite subsystem 
So C S such that R{S) = R{So). Since every G-homomorphism from G = ''^Vncl(5) ^'^ factors 
through Gi^(5„), it suffices to describe the set of all liomomorphisms from GiiK^Sa) to G. We now run the 
process for the system of equations 5*0. Since there is a one-to-one correspondence between solutions 
of the system 5*0 and homomorphisms from G7}(5^) to G, by Theorem 19.21 we obtain a description of 
HomG(Gi^(S(,),G). 

Suppose now that G is not a G-group, G — {X \ S) (note that the set S may be infinite). We treat 
5 as a coefficient-free system of equations over G. Though, formally, coordinate groups are G-groups, 
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in this case, we consider instead the group Gr'j^,f^g^ = ^ ^'^^ I (S)-! where R'{S) — H ker((^) and the 
intersection is taken over aU homomorphisms (p from F{X) to G such that S C ker{(p). It is clear 
that Gr'j^if^gj is a residually G group. Since G is equationally Noetherian, there exists a finite subsystem 

So '!= S such that R'{S) = R'{So)- Every homomorphism from G to G factors through G^/^^^^, it 
suffices to describe the homomorphisms from G^/^^^^-j to G. We now run the process for the system of 
equations Sq and construct the solution tree, where to each vertex v instead of G^j^q*) we associate 
*^k'(o*) corresponding epimorphisms, homomorphisms and automorphisms are defined in a 

natural way. We thereby obtain a description of the set Hom(G'^,jg.^j, G). □ 

9.1. Example. Let G be the partially commutative group whose commutation graph is a path of length 
3, G = (a, b,c,d \ [a, b] = 1, [b, c] = 1, [c, d] = 1). Consider the following coordinate group, that, a priori, 
could be associated to the leaf of the extension tree: 

I \ {[/ll,/l2] = [/l2,/l3] = [/j3,/i4] = \h\,hs\ = [/li,/l5] = [/l4,^6] 1} / 

We show that the group G7j(q.) is not fully residually G. We first show that the elements [/ii, and 

, ^4] are non-trivial in Gfl(f2' ) ■ By the definition of the radical, it suffices to show that there exist 
homomorphisms V'lj V'2 from G^(f2.) to G such that ^1 ([/ii, /13]) 7^ 1 and ■02([/i2, /i4]) 7^ 1- It is easy 
to check that the map h\ a, h2 ^ b, ^ c and b induces a homomorphism ^1 such that 

ipi{[hi, /13]) 7^ 1. Similarly, the map hi — > fe, ft,2 — > a, /la — s- 6 and ^14 — s- c induces a homomorphism 7/12 
such that V'2([^2, ^4]) 7^ 1- 

We claim that the family {[/ii,/i3], [/i2,/i4]} of elements from Gt^jo*) can not be discriminated into 
G, i.e. for every homomorphism ip from Gjk^q*) to G either ^([hi, h^]) = 1 or ip{[h2, h^]) = 1. In the 
proof we make a substantial use of the Centraliser Theorem, see Theorem 12.51 

Indeed, since [hi, /15] = 1 and ^,5 = a, we have that ■ip{hi) e CG(a). There are three cases to consider: 
either V(^i) e (a) or ^p{hl) g (a, 6) (and i>{hi) ^ (a) U (b)) or ip{hi) G (6). 

Suppose that V'(^i) G (a) (or, V'(^i) & V'C^i) = w{a,b)). Since V'(/i4) G C'g(c) H CG{a) 

(correspondingly, ip{h4) g Cg(c) n Cg{w)), it follows that ^'('14) G (^)- Similarly, we get that ^^(^2) G 
CG(a) = (a, 6), and therefore V'([^2,/i4]) = 1- 

Suppose that ^"(^1) G (6). Then either V^(/i4) G (6) or V-'(^4) e (c) or ^"(^4) e (6, c). If ij{hi) G (5) 
or tp{h4) £ {b,c), then /i3 G Cg(6) and thus i/)([/ii, ^,3]) — 1. Finally, assume that ip{h4) G (c). It 
follows that either ^"(^3) G (c) or ^^(^3) G (rf) or ^'(^4) S (c, d). If ^'(^s) G (c), then ?A([/ii, ^,3]) = 1. If 
ipihs) G (c) or ■0(^3) S (c, d), then since ■0(^2) G C'g('0('ii)) H Cg('(/'(/i3)), it follows that V'('i2) G (c), 
therefore, V'(['i2, /J4]) = 1- 

Therefore, the group Gj^(j2.) is not G-discriminated by G. 

Note that the set of solutions of the generalised equation fly is empty, while there are solutions of 
the system $7*. Indeed, if is a solution of n„, then Hi ^ a, therefore Hi G (6). On the other hand, 
since H4 ^ c, we get that H4 G {b, d). This derives a contradiction since Hi ^ H4. 

Let G be the partially commutative group whose commutation graph is a path of length 3, G = 
(a, b,c,d\ [a, 6] = 1, [6, c] = 1, [c, d] = 1). Consider the following coordinate group: 

/ \ {[hl,h2\ = [/l2, /i3] = [/i3, /i4] = [hl^hi] = [/il, /15] = K] = 1} y 

We now construct one of the groups G^^ . The corresponding graphs and F constructed by 
and G are shown on Figure [201 

The set of all homomorphisms ip^^i from 11^, to F that satisfy properties (I) and (II) are listed in the 
table below: 
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Figure 20. The graphs Uy and F 
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Consider the homomorphism ip^^Q then the correspondmg graph ipy^Q{Ily) is a path of length 2, 
whose vertices si, S2 and S3 are labeUed by the subgroups of G generated by {a, c}, {b} and {c} 
correspondingly, see Figure The partially commutative groups G(si) = G(a,c), G(s2) = G(&) and 
G(s3) = G(c) are directly indecomposable (the first one is free, and the latter two are cyclic), thus their 
decompositions of the form ^ are trivial. The set of vertices hk G V^(n„) such that ipv,6{hk) — si 
is ft,'-^' = {/i2}- Analogously, h^"^^ = {hijh^} and ft.^^^ = {/i4}. The corresponding group G is a 
graph product whose underlying graph is a path of length two and the corresponding vertex groups are 
G(a, c)[/i2], (b) X (hi) x (/13) and (c) x (/14), see Figure [2T] 



{b)x{h,)x{h,) 



{a,c} 



{a,c)[h2] 



{c)x{h,) 



{b} 

Figure 21. Constructing the group G by the graph i^yfilHy). 



We then construct the coordinate group 

G„, = (G, G I G, [GG(G(a, c)), /i^i)] = 1, [Gg(G(6)), /i^^)] = l, [Gg(G(c)), /i^^)] = l) 

[b, /12] = 1, [a, hi] = [a, ^,3] = [b, hi] = [b, /13] = [c, hi] = [c, h^] = 1, 
[6, /14] = [c, /14] = [d, /14] = 1, G 

[6, /12] = 1, [a, ft-i] = [a, ^13] = [6, /ii] = [6, ^13] = [c, /ii] = [c, /13] 1. \ 
[6, /l4] = [c, /l4] = [rf, hi] = l, \ 
[hi, ft.2] = 1, [^1, ^3] = 1, [^1, hi] = 1, [^2, /is] = 1, [hs, hi] = 1. / 

The coordinate group Gu;g is the fully residually G partially commutative group, whose underlying 
commutation graph is shown on Figure 



,G 



a, 5, c, d, 
hi,h2,h3, hi 
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abed 



Figure 22. The commutation graph of G. 
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automorphism 
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invariant with respect to the kernel, 78 

invariant with respect to the kernel in the sense of 

Razborov, 78 
invariant with respect to the non-quadratic part, 79 
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the sense of Razborov, 79 
tame, 78 

base 

active, 39 

belongs to a section, 23 
carrier, 47 
constant, 20 

contained in another base, 23 

contains an item, 23 

dual, 20 

eliminable, 45 

intersects another base, 23 

leading, 47 

linear, 23 

non-active, 39 

of a generalised equation, 20 

overlaps with another base, 23 

quadratic, 79 

quadratic-coefficient, 79 

transfer, 47 

variable, 20 
block, 15 
boundary 

^-ticd, 23 

closed, 23 

free, 23 

intersects a base, 23 

of a generalised equation, 20 

open, 23 

tied, 23 

touches a base, 23 
boundary connection, 20 

cancellation divisor, 56 
cancellation matrix, 58 

canonical homomorphism of coordinate groups of 

generalised equations, 50 
canonical parabolic subgroup, 14 
carrier, 47 
clan, 18 

thick, 18 

thin, 18 

complexity of the generalised equation, 49 
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of a system of equations, 11 

of an algebraic set, 11 



of the (constrained) generalised equation, 27 
cyclically reduced element, 14 

dependence graph, 18 
G-discriminated group, 13 
divisor of an element, 14 

elimination of a base, 45 

elimination process for a generalised equation, 45 
equation of a generalised equation 

basic, 21 

boundary, 21 

coefficient, 21 
equation over a group, 11 
G-equationally Noetherian group, 12 
equivalence 

of generalised equations, 22 

of systems of equations, 12 
excess of the solution, 47 
exponent 

of (P-)periodicity, 60 

of a word, 60 

formula 

atomic, 12 

universal, 13 
G-fuUy rcsidually G group, 13 

generalised equation, 22 
combinatorial, 20 
constrained, 22 
formally consistent, 24 
periodised, 63 
quadratic, 47 

regular with respect to a periodic structure, 67 
singular with respect to a periodic structure, 67 
strongly singular with respect to a periodic 

structure, 67 
geodesic, 14 
global position, 18 
graph 

commutation, of a partially commutative group, 14 
non-commutation, of a partially commutative group, 
15 

of a periodic structure, 62 
graph group, 14 
graph product of groups, 17 
G-group, 10 

finitely generated, 10 

height 

of a tree, 10 

of a vertex, 10 
G-homomorphism, 10 

irreducible 

algebraic set, 12 
component, 12 
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isomorphism of algebraic sets, 12 
item 

active, 39 

belongs to a base, 23 
belongs to a section, 23 
belongs to the kernel, 45 
constant, 23 
covered 7i times, 23 
free, 23 
linear, 23 
non-active, 39 

of a generalised equation, 21 
quadratic, 23 

kernel of a generalised equation, 45 

leaf 

final of the tree T, 87 

final of the tree Tq, 93 

final of the tree T^gc , 98 

final of the tree Text , 101 

final of the tree T^^i , 105 
left-divide, 14 
length, 14 

of a solution of the generalised equation, 23 
letter, 14 

median position, 18 
morpliism of algebraic sets, 12 

normal form, 19 
DM-, 19 

lexicographical, 14 

occurrence, 14 

pair of matched bases, 23 
part of a generalised equation 

active, 39 

non-active, 39 

non-quadratic, 79 

quadratic, 79 
pcirtially commutative group, 14 
G-partition table, 25 
path 

/^-reducing, 84 

p{H), 76, 86 

defined by a solution in the tree T(Cl), 50 
prohibited of type 12, 80 
prohibited of type 15, 84 
prohibited of type 7-10, 80 
period, 60 

(P-)periodic word, 60 
periodic structure, 61 
connected, 62 
regular, 67 
singular, 67 
strongly singular 
of type (a) , 67 
of type (b), 67 



quasi identity, 13 

radical 

of a set, 11 

of a system, 11 
G-rcsidually G group, 13 
right-angled Artin group, 14 
right-divide, 14 

section, 23 

(P-)periodic, 60 
active, 39 
closed, 23 
constant, 39 
non-active, 39 
variable, 39 
sentence, 13 
G-separatcd group, 13 
solution 

associated to the vertex, 103 

of a constrained generalised equation, 23 

of a generalised equation 

minimal with respect to the group of 

automorphisms, 58 
over F, 23 
over T, 22 

periodic with respect to a period, 60 
of a system of equations, 11 
source point, 18 

standard form of a generalised equation, 39 
G-subgroup, 10 

system of equations over a group, 11 

target point, 18 
terminal vertex, 101 

transformation of a generalised equation 

derived, 44 

elementary, 39 

entire, 47 
type 

of a generalised equation, 54 

of a vertex, 54 

variable of a generalised equation, 21 
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Glossary of notation 

A{flv): the automorphism group associated to a vertex v of the trees Tdeci,^), T^xti^) ^^'^ Tsoi{fl), 
98, 101, 105 

AT,: the active part of a generahsed equation, 39 

21(0): finitely generated group of automorphisms of Gh^q*) associated with a periodic structure 
on Q, 67 

Aut(r2): recursive group of automorphisms associated to the root of To{i}), 85 

A{W): the subgroup of G generated by all letters that do not occur in W and commute with w 

for every w G W, 14 

A{w): the subgroup of G generated by all letters that do not occur in w and commute with w, 14 
a: function from the set BS of bases to the set BT> of boundaries of a generalised equation that 

determines the left-most boundary of a base, 20 
alph(T4^): the set of letters that occur in a word w e W, 14 
alph(w): the set of letters that occur in w, 14 
A: a finite alphabet, the generating set of G, 14 

BC: the set of boundary connections of a generalised equation, 20 

BV: the set of boundaries of a generalised equation, 20 
BS: the set of bases of a generalised equation, 20 

/?: function from the set BS of bases to the set BV of boundaries of a generalised equation that 
determines the right-most boundary of a base, 20 

CS: the set of all constant sections of a generalised equation, 38 
C(i): "short" cycles in T, 64 
C(2): "free" cycles in T, 64 

[A, B]: the set of commutators of elements of sets A and B, 14 
[A, B] = 1: elements of sets A and B commute pairwise, 14 
comp, comp(f2): complexity of a generalised equation, 49 
CD(u, u): the cancellation divisor of u and v, 56 

D 1: derived transformation D 1, 44 
D 2: derived transformation D 2, 44 
D 3: derived transformation D 3, 44 
D 4: derived transformation D 4, 45 
D 5: derived transformation D 5, 47 

PA-l 

dAi:{H): length of the active part of the solution, dAT,{H) = ^ 47 

i=l 

D 6: derived transformation D 6, 48 

A: involution on the set of variable bases of a generalised equation that determines the dual of a 
base, 20 

5{l): decomposition of the period defined by the boundary I, 61 

d\{H): length of the "quadratic part of the solution" H, 88 

d2{H): length of the "quadratic-coefficient part of the solution" H, 88 

ET 1: elementary transformation ET 1, 39 
ET2: elementary transformation ET2, 40 
ET3: elementary transformation ET3, 40 
ET4: elementary transformation ET4, 41 
ET5: elementary transformation ET5, 42 
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exp(w): exponent of periodicity of the word w, 60 

e: a function that assigns a pair {fly',H^" ') to the pair tp(t;)7^1,2, 86 

e': a function that assigns a pair {ilyi,!!^'" ') to the pair (n^.iJ^"")). tp(?;) = 15, 86 
e: function from the set of variable bases of a generalised equation to {—1,1} that determines 
orientation of the base, 20 

F, ¥{A^'^): free monoid on the alphabet A U A''^, 18 

Gr(s)'- coordinate group of the system S over G, 11 

Q£'{S): the set of all constrained generalised equations Clij- over T constructed by G-partition 

tables T for the system S{X,A), 26 
Q£{Q'): the set of all constrained generalised equations over F constructed for the constrained 

generalised equation Cl' over T, 30 
G: partially commutative group, 14 

G{G)- partially commutative group with underlying commutation graph Q, 14 
Gii(Q.): coordinate group of the generalised equation O, 26 

Gyj.: fully residually G partially commutative group associated to the leaf of the solution tree 

Tsom, 103 
F: graph of a periodic structure, 62 

To: the subgraph of T all of whose edges arc "short", Tq = (V'(r), Sh(r)), 63 
F : a non-oriented graph that encodes all canonical parabolic subgroups of the group G and the 
^-commutativity relation between them, 102 
Ji- the number of bases which contain hi, 23 
the number of bases from wi that contain hi, 90 
a non-oriented graph that describes the canonical parabolic subgroups associated to the solution 
of a generalised equation, 103 
Q: commutation graph of a partially commutative group, 14 

p 

\H\: length of a solution of a (constrained) generalised equation, \H\ = ^ \Hi\, 23 

i=l 

H{ij): if is a solution of a generalised equation, H{h{fi)) = -ffa(^) • • • -ff/3(;j)-i, 23 

H[i,j], H{a): if ff is a solution of a generalised equation, H{a) = Hi - ■ ■ Hj-i, 23 

HomciH, K): set of G-homomorphisms from H to K, 10 

h{Sh): labels of the "short" edges of T, /i(Sh) = {h{e) \ e e Sh}, 63 

h{i^): the product of items /ia(M) • • • '*'/3(m)-1' ^3 

h[i,j]: the product of items hi . . . hj-i, 23 

Ker(f7), Kcr(T): kernel of a (constrained) generalised equation, 45 
C: first-order language of groups, 12 

£a- first-order language of groups enriched by constants from A, 12 
£g'- first-order language of groups enriched by constants from G, 12 

M: free or partially commutative monoid, M = ¥{A^''^) or M = T(>1='=^), 20 

NAT,: the non-active part of a generalised equation, 39 

ncl(S'): normal closure oi S, 11 

n{a): the number of bases in the section a, 49 

nA{^)- the number of bases in the active sections of a generalised equation, 49 

{Q,H): H is a. solution of the constrained generalised equation O, 23 
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f2: constrained generalised equation, 23 
(T,5Rt): constrained generalised equation, 22 

ui: the set of all variable bases v for which either v or A(j/) belongs to the active part of a 

generalised equation, 47 
fl, T: the generalised equation obtained from CI (or T) by D3, 44 

fi*: the generalised equation O treated as a system of equations over the partially commutative 

group G, 26 

VjasC-H^): excess of the solution, VMs(i?) = E \H{^i)\ - 2dAj:iH), 47 

■P: non-empty set of variables, variable bases, and closed sections that belong to the periodic 
structure {V,R), 61 

n„: a non-oriented graph that encodes coefficient equations of Q.^ and the relation 5ftT„, 102 

{V,R): periodic structure, 61 

TTc/: homomorphism defined by the solution U, 11 

V{H,P): periodic structure associated to a P-periodic solution H, 61 

R{S): radical of the system S, 11 

R{Y): radical of a set Y, 11 

3?(x): set of elements related with x, 10 

p, pri pa- the number of items of a generalised equation, 21 

Pa- the boundary between active and non-active parts of a generalised equation, 39 
p'^: the number of free variables that belong to the non-active sections of Cly, 83 
t: the cardinality of A, 14 

Sf' system of equations associated to the generealised equation, 21 

section {hi, . . . , /ij-i} of a generalised equation, 23 
Sh, Sh(r): the set of "short" edges of the graph F of a periodic structure, 63 
E, the set of all closed sections of a generalised equation f2, 38 

it(/z): the section [^(/i), 23 

s(n„): a function that bomids the length of a minimal solution, 84 
T(p): the infinite, locally finite tree of the process, 49 

To(Q): the finite subtree of T(0) that does not contain prohibited paths, 80, 85 

Tdec(^): the decomposition tree of f2, 94 

Text(f^): the extension tree of CI, 99 

Tgoi: the solution tree of a generalised equation, 105 

T, T(^='=^): partially commutative monoid monoid on the alphabet Al^A~^ corresponding to the 
group G, 18 

Tu, T{Cly): function of the generalised equation, 83 

tp(w): type of the vertex v of the tree T, Tq, Tdec, T'ext or Tgoi, 54 

(T, H): H is a solution of the generalised equation T, 23 
T: generalised equation, 23 

T{S): combinatorial generalised equation associated to a system of equations over a monoid, 21 
u: a subset of the set x of generators of the coordinate group of a periodised generalised equation, 
64 

T*: generalised equation T treated as a system of equations over the partially commutative group 
G, 26 

V"E: the set of all variable sections of a generalised equation, 38 
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Vg{S): algebraic set defined by S over G, 11 

2J(ri„): a recursive group of automorphisms of Gr(q*) that we associate to a vertex v of the tree 
T{n), 77 

W{H): for any word W{h) in G[h] and any solution iJ of a generalised equation, W{H) = 

H{W{h)), 23 
W: a geodesic of a word w, w G G, 14 

x: a set of generators of the coordinate group of a periodised generalised equation, 64 
^: the number of open boundaries in the active sections of a generalised equation, 49 

z: a subset of the set x of generators for the coordinate group of a periodised generalised equation, 

64 

'<i£(n)'' reflexive, transitive relation on the set of solutions of a generalised equation, 56 

<Aut(n) -ff'* if H^^^ is a solution of fly^ and if^' ^ is a solution of f2„., , Vi,Vi' e To{fl), then 

H^'^ <Aut(n) H'^"'^ if and only if iJ« <„(v„,y.,)-i Aut{QMvo,vi) H^'\ 85 
'=': graphical equality of words, 15 
'^=5': disjoint commutation of elements or sets, 14 
'u o no cancellation in the product of u and v, 14 
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